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EMBEDDED MINIMAL ENDS OF FINITE TYPE

LAURENT HAUSWIRTH, JOAQUfN PEREZ, AND PASCAL ROMON

ABSTRACT. We prove that the end of a complete embedded minimal surface
in R3 with infinite total curvature and finite type has an explicit Weierstrass
representation that only depends on a holomorphic function that vanishes at
the puncture. Reciprocally, any choice of such an analytic function gives rise to
a properly embedded minimal end E provided that it solves the corresponding
period problem. Furthermore, if the flux along the boundary vanishes, then
the end is C%-asymptotic to a Helicoid. We apply these results to proving that
any complete embedded one-ended minimal surface of finite type and infinite
total curvature is asymptotic to a Helicoid, and we characterize the Helicoid as
the only simply connected complete embedded minimal surface of finite type
in R3.

1. INTRODUCTION

The property of having finite total curvature has been crucial in both reaching a
rather exhaustive understanding and finding an abundance of examples of complete
embedded minimal surfaces (CEMS) in three-dimensional Euclidean space R?; see
for example the work of Hoffman and Karcher [2] for a good overview. If we
consider CEMS with infinite total curvature, a first family that we find is the one
containing the periodic minimal surfaces, which by considering quotients of R3
often become examples of finite topology and finite total curvature. But Hoffman,
Karcher and Wei’s [3] discovery of a surprising example with genus one in R3
having (truly) infinite total curvature opened a new field of research. In fact,
in their pioneering work these authors only gave computational evidences of the
embeddedness of the new surface, but very recently Hoffman and McCuan [4] have
proved that, outside a compact set, the surface has no self-intersections and it lies
in any regular neighborhood of a Helicoid. Indeed, they study the geometry of a
complete punctured minimal disk on which the Weierstrass data (g,7), given by
the stereographically projected Gauss map g and the height differential 7, satisfy
that both dg/g and n have double poles at the puncture without residues, besides
the geometric hypothesis (fulfilled by the ‘genus one Helicoid’) of containing both
a vertical and a horizontal ray.

Moreover, an appropriate starting point for studying CEMS of finite topology but
infinite total curvature is assuming finite type, i.e., the surface M C R3 under study
has the conformal type of a compact Riemann surface with a finite number of points
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removed and the differentials dg/g, n extend meromorphically to the punctures (this
notion was first introduced in Rosenberg [10]; see also [8]). Under these conditions,
a natural question would be controlling the asymptotic behavior of any CEMS of
finite type and infinite total curvature. In this paper we prove, among other results,
that the Helicoid models the geometry at infinity of any such surface.

Theorem 1. Let M C R? be a complete embedded one-ended minimal surface of
finite type, infinite total curvature and Weierstrass representation (g,n). Then, M
is proper, has bounded Gaussian curvature, the meromorphic differentials dg/g,n
have double poles at the puncture without residue and M is C°-asymptotic to a
Helicoid.

From the perspective given by this statement, the hypotheses in [4] about the
order of poles of dg/g and 1 become, if possible, more reasonable. Theorem [[[follows
by a combination of two results concerning the geometry of an isolated end of finite
type, each one having its own interest. In the first one we show how embeddedness
and completeness constrain the Weierstrass data of the end to an explicit form.

Theorem 2. Let E C R? be a complete embedded minimal annular end with infi-
nite total curvature, finite type and Weierstrass data (g,n). Assume that the third
coordinate of the flux of E along its boundary is zero. Then, E can be conformally
parametrized in a punctured disk {|z| > R} centered at infinity by the Weierstrass
data (up to isometries)

(1) g(z) =By =dz, 2| > R,
where f is a holomorphic function in {|z| > R} U {oco} vanishing at infinity.

With this notation, f = 0 corresponds to the end of a helicoid. The second key
ingredient to prove Theorem[Il deals with the inverse problem, answering whether a
choice of the analytic data (g,n) as in () gives rise to a complete embedded minimal
end and besides that, whether the asymptotic behavior achieved in [4] remains true.
With this in mind, we establish the equivalence to be expected between analytic
and geometric properties.

Theorem 3. Let R > 0 and f be a holomorphic function in {|z| > R} U {co} with
f(o0) = 0. Suppose that the pair (g(z) = e*+t/ ) n = dz) is the Weierstrass
representation of a minimal immersion X : {|z| > R} — R3. Then, X is proper,
has bounded Gaussian curvature and there exists Ry > R such that X ({|z| > R1})
is embedded. Moreover, if the fluxz of X along its boundary is zero, then there exists
a vertical Helicoid H C R? such that for every e > 0, we can find Ry > R depending
on € such that X ({|z| > R1}) lies inside a regular neighborhood of H of radius ¢.

On the other hand, a great part of the machinery concerning minimal surfaces of
finite type is devoted to proving an old conjecture that asks if the only nonplanar
simply connected CEMS in R? is the Helicoid. Partial answers to this conjecture
have been given by in the works of Meeks and Rosenberg [5], Romon [9], Rosenberg
[10], Rodriguez and Rosenberg [7, [§], Rosenberg and Toubiana [I1] and Xavier [12].
Here we contribute to this partial knowledge with the following:

Theorem 4. The only simply connected complete embedded minimal surfaces of
finite type are the plane and the Helicoid.
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This article also serves as an erratum for [9], where a certain configuration of
the Weierstrass data was discarded by proving that the period problem cannot be
solved; here we show that there exist choices of such complex data for which the
period is killed, giving rise to the ‘folded helicoidal end’ studied in Section [6] but
such an end is always nonembedded.

The paper is organized as follows. In Section Rl we fix the notations and state
two lemmas on the behaviour of planar curves which will be used in Section [ to
analyze certain curves on a minimal end of finite type. Sections[4] and [f] are devoted
to proving Theorems [2] and B] respectively. Section [B] contains the corrections for
[9] which are used in previous arguments. Finally, Section [ includes the proof
of Theorems [1] and This paper is inspired by the work of the third author [9],
which approaches a similar problem to the one tackled here, with the additional
assumptions that the surface is proper and it intersects every horizontal plane in
a single connected curve. The authors would like to thank Pascal Collin, Geraldo
de Oliveira Filho, Lucio Rodriguez, Antonio Ros and Harold Rosenberg for helpful
conversations on the subject.

2. PRELIMINARIES

Given R > 0, denote by D(oco, R) C C the punctured disk centered at infinity
{z =re" : r > R} and consider a nonflat minimal immersion X : D(co0, R) — R3,
parametrized globally by its Weierstrass data (g,n) by

1 - L
X(z) =5 Real/ (97" —g.i(g™" +9),2)n,

where g is the Gauss map of X stereographically projected from the north pole of
the sphere and 7 is its height differential. Assume that the expressions of g and 7
are given by

g9(z) = 2meH(2) n=z""1dz, z € D(co, R),

where m, k are integers, k > 1, and H is a holomorphic function on D(co, R) that
extends meromorphically to co. Thus H can be written as

(2) H(Z): Z a,\z’\,

A=—00

where n is an integer (which is supposed to be greater than or equal to one) and
the ay are complex numbers, a, # 0. These assumptions on the Weierstrass data
will become clear later on, when proving Theorem For the sake of clarity, we
will now simply suppose this normalization on X.

Note that as n > 1, the Gauss map g has an essential singularity at the end and
the total curvature of the surface X (D(oo, R)) is infinite. Also, g misses the values
0 and oo in D(o0, R), hence X (D (o0, R)) meets transversally any horizontal plane
in R2. It will be useful for our purposes to clearly separate the modulus and the
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argument of g, so we write

g(Z) _ ZmeH(z) _ eA(z)JriB(z)’

A(z) =mlogr + Z lax|r* cos(A0 + ),

with ST
B(z) =mb + Z lax]r? sin(A0 + )
A=—00

and ay = |ay|e’* for each \. We will determine the geometry of the minimal end
X (D(o0, R)) by carrying out a careful study of certain curves on the surface, whose
behavior is described by their horizontal projection on the (z1, z2)-plane (which we
identify for the remainder of the paper with C, so the origin always identifies with
the point (0,0, ¢) € {x3 = ¢}) and by their height with respect to this plane. From
now on, O(s?) will denote a function such that s~9O(s?) is bounded as s — oc.

The following lemma describes the geometry of certain planar curves in terms of
the behavior of their tangent vectors.

Lemma 1. Let £(s), s € RT be a planar curve with velocity vector % = r(s)ei (),
where r(s), p(s) are smooth real valued functions of the type

r(s) = * [C1 + O™ /0| e 10O L () = s [y + 0(s71)

with a,b,§ € R, k is a positive integer, b,C1,Cy > 0, C5 # 0 (note that (s)
diverges to infinity) and the remainder terms O(sil/’“) are uniformly converging
series in negative powers of s. Then, for s large enough:
1) If6 >0 o0rifd =0 and a+ 1>, then £(s) is a proper spiral.
it) If § =0 and a4+ 1 = b, then £(s) is a spiral asymptotic to a circle.
it1) If =0 and a+ 1 < b, then &(s) is a spiral that converges to a point.

Proof. The statement follows from Lemmal[3 in the Appendix. Here we will sketch a
brief idea of the proof of Lemmal[ll, assuming the result in that Appendix. It suffices
to find functions p and a such that £(s) = p(s)e’®®) for s large, a monotonically
increasing or decreasing to infinity, and then describe the shape of £ in terms of these
functions. Given a ray [, from the origin in C with angle « € [0, 27), we consider the
critical points of the function z,(s) = (£(s), € (*+7/2)). Lemma Blinsures that there
exists an infinite countable number of such points, passing consecutively from local
maxima to local minima, and that if we denote by sa, (resp. s2,—1) the sequence
of consecutive local maxima (resp. minima) of z,, then x4 (s,) — x4 (sn—1) changes
sign as n increases.

In case i) we have x,(s2,) — +00, Ta(S2n-1) — —oo. If the ray I, does not
meet the curve tangentially, we can parametrize £ locally in polar coordinates.
But a tangential intersection would produce an extremum of z, with value zero,
a contradiction. As this argument holds uniformly for every a € [0,27), £ can be
globally parametrized in polar coordinates. As for any « € [0, 27) the sequence of
local maxima (resp. minima) of the height function x, with respect to l, diverges
to +00o (resp. to —oo), £(s) must be a diverging spiral.

In case i), the local maxima and minima of z, converge to two constants
M (c),m(a) and the distance W between these limits does not depend on a. It
follows that for all € > 0 small, the curve £ is eventually contained in a slab parallel
to I, of width W 4 ¢ but not in a slab parallel to this one of width W — ¢, and
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this fact holds for all a € [0, 27). This is enough to conclude the statement in the
second case.

In case 1), |24 (s) — o (s')| goes to zero as both s > s’ tend to infinity. Hence
there exists a real number ¢, such that x,(s) converges to ¢, as s — co. Changing
the angle a we conclude that &(s) converges to a point as s — oo. Finally, & is
a convergent spiral, because the difference x,(s,) — zo(sn—1) changes sign as n
increases and this holds for all a. This completes the proof of the lemma. O

A crucial point for finding spirals in the lemma above is that b > 0, which forces
© to diverge. We will also need an asymptotic description of the planar curve £ in
the case b = 0. Such is the purpose of the following lemma.

Lemma 2. Let £(s), s € RT be a planar curve with velocity vector % = r(s)e(®),
where r(s), p(s) are smooth real valued functions of the type

r(s) =s"|C1 + O(s‘l/k)} es[CatO(™ )] o(s) = B+ O(s~ V"),

with a, 8 € R, k is a positive integer, C1,Co > 0 and the remainder terms (9(8*1/’“)
are uniformly converging series in negative powers of s. Then, £(s) can be written
for s large enough in polar coordinates as &(s) = R(s)e'®), where R(s) increases
to 0o and ¢(s) — B when s goes to oo.

Proof. The hypothesis on the remainder terms O(sil/ *) insures that when deriving
d

such a function, the remainder term is also derived (ie. £ (O(s?)) = O(s?1));
moreover, this property remains true for new functions obtained by inverting or
composing the previous ones. In what follows, all the remainder terms will therefore
have this property.

As in the proof of Lemma[T we consider the function x4, (s) = (£(s), e(@1+7/2)),
whose derivative is ), (s) = r(s) Real (ei‘P(s)ei(“l‘”/Q)) = r(s)sin (¢(s) — a1).
Using the expressions of 7(s), ¢(s) and choosing a; such that 8 — 2 < a3 <37,
we have

z, (s) =1(s) {sin(ﬂ —) + O(sfl/k)]
= g% [Cl sin(ﬂ — 041) + O(S—l/k)} es[(124_(9(371%)]7

which increases to 400 as s — o0, hence the same holds with z,,(s). Calling
a2 = g — £ and reasoning in a similar way with 24, (s) = (¢(s), "), we obtain
l,, (s) = 7(s) cos(p(s) — ar) = r(s) [cos(8 — 1) + O(s‘l/k)}, which also diverges

Q2
to 400, thus z,, has the same property. It remains to prove that if we write

£(s) in polar coordinates as R(s)e’®®), then ¢(s) — B as s — oco. As £(s) =
Ty (8)€7Y + 24, (5)eH(@1F7/2) it follows from the L'Hopital rule that for s large,

tan(o(s) —aq) = Tay(9) | Tay () _ tan(8 — a1) + O(s~/*). As both 24, (5), Ta, ()

Tay(s)  al,(s)
are positive for s large, we deduce that ¢(s) — 3, as desired. [l

3. SPECIAL CURVES

Consider a minimal immersion X = (21,2, 3) : D(0o, R) — R3? with Weier-
strass data (g,7) normalized as in Section 2l The horizontal projection of X can



1340 LAURENT HAUSWIRTH, JOAQUIN PEREZ, AND PASCAL ROMON

be given in terms of (g,7) as

(1 +i$2)(2):% (/Z én—/zgn) z € D(o0, R).

Let v C D(o0, R) be a smooth path, with parameter s. The velocity vector of the
horizontal projection of X () is

d . L1, dy dy 1 (1d(y%)  d(y")
- — | Akl g1y - - (22 T
ds (@1 +dz2)(7)) 2 (gry as 77 ds) 2k <g ds 9" ds

(4) 1 <6—Ad(7’“) eAd('yk)>eiB.

:ﬁ ds ds

Horizontal level curves. We now deal with the shape of the level curves z3*(c)
of the height function, ¢ € R. As x3(z) = + Real(z*) = 17" cos(k#), the horizon-
tal section at height zero is parametrized by the 2k rays {z =ref . or> R} -
D(o0, R), where ) = [T — g7, 1 =1,...,2k. Using the parameter s = rk
of these rays is written as o ,(s) = s'/%¢*%, hence ’y(’il(s) = +is, where + holds if

[ is odd and — if [ is even. Now equation () gives

, each one

1 : x
(5) @ (1 4+ i) (30.)) = 7 cosh A(ra(s)) P 0N =5,

an expression that we will study later on in certain particular cases. The 2k rays
vo, divide D(o0, R) in 2k sectors St, ... , Sak, so that x3 has constant sign in each
sector and changes sign when crossing cyclicly consecutive sectors. We will fix our
notation so that

Sl = l)(OO7 R) n argfl(]egk, 91 D, . ,Sgk = l)(OO7 R) n argfl(]Hgk_l, 9%[).

Thus, S; is always bisected by the positive real halfline, z3 is positive on the sectors
whose subindex is odd and negative on the sectors with even subindex.

Given ¢ > 0 large enough, the level set mgl(c)ﬂSl, I1=1,...,2k (I odd), consists
of a connected arc 7. ; that can be parametrized as

i 1k
w(e):( C) e’ 0e(0,-1,0),

cos k0

thus 7, diverges to co as € goes to each extrema of (6;_1,6;). For arbitrary ¢ > 0,
the level set 23 *(c) N S; is connected if and only if R* < kc and in this case, the
above description works; when 0 < ¢ < RTIC, x;l(c) N S; consists of two connected
components parametrized by the same expression as above, but with € running in
two disjoint subintervals of the type (6;_1,601], [02,6;), where 6; < 03 are the two
solutions in (6;_1,6;) of the equation RF = colzcke' Moreover, the family {vc,i}e>0
foliates the sector S;. The level curves in x5! (c) for ¢ < 0 are analogous to the ones
in the case ¢ > 0, but they are contained in the sectors with even subindex.

We are now interested in the geometry of the horizontal sections at height ¢ # 0,
which is given by one of their horizontal projections. We will only deal with the
case ¢ > 0, leaving to the reader the details when ¢ < 0. Hence, take an odd integer
I € {1,...,2k} and consider the level curve e : (61—1,60;) — S; (we will study
the asymptotic geometry of v.; as 6 tends to one of the extrema 6; or 6;_; of its
interval of definition; for the sake of simplicity, we have denoted such interval as
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if 23" (c) N S; were connected, but the same development works for intermediate
, k .
positive heights). Thus, 75’1(9) = ke ¢k and % = K g @) gives

coska € (cos k)2
d . ke i _
(6) 7p (@1 +iz2)(ve)) = (cos k02 cosh A(7ye(8)) /B )=3)

For 6 close to 6; or to 0;_1, we rewrite 7.; as a function of the new parameter
-1
s = —1— € (s1,+00), thus % =+ (ksVs2—1)  (here + holds for § close to 6;

and — for 6 near 6;_1). As % = %% for € = (z1 +ix2)(7e,1), (@) becomes

d , =
(7) — (@1 +iw2)(ver)) = + cosh A(7e,1(s)) ¢/t D=3),

cs

ds Vs —1
with the same convention of signs as before. In order to know which is the asymp-
totic behavior of (z1 + iz2)(7.,;) and according to Lemmas [l and B] we need the
growth orders of the modulus and argument of the last expression. First note that

ﬁ =1+ O(s72). On the other hand, evaluating (@) on the level curve . ,(s)

we obtain
8) A(7e(s)) = %log(kcsﬂ— 3" Jaxl(kes)* cos(AB(s) + a),
A=—00
(9) B(yea(s)) =mb(s) + D lax|(kes)M* sin(A(s) + o),
A=—00

and therefore, the growth orders of A(vc,(s)), B(7e,i(s)) depend on the coefficients
of the terms s** in the expansion of H. We will study these orders when 6 — 6;,
and a similar situation will hold for § — 6;_;. Note that derivation in the equation
coskf(s) = st gives '(s) = ms’z, so the A-th term in the expansion of
RealH (vc,(s)) is

Asin(A; + an) 4

k sin k0,

Therefore, if |ax|cos(A0; + ax) # 0, then the A-th term of RealH (v.,(s)) is of the
type sMk [CAMF +O(s71)] for a certain C € R — {0}, while if ay # 0
but cos(A0; +ax) =0 the Ath term of RealH(v.;i(s)) is of the type
st1 [Cc)‘/k + O(s71)], and this holds for all ¢ > 0. These alternatives suggest
that we define A as the largest A € {1,...,n} such that |a[cos(A0; + ax) # 0

(recall that a, # 0). If no such X exists, we define A as zero. Note that A does not
depend on the height ¢, but only on the limit angle 6;.

lax|(kes)M* | cos(My + ax) — +0(s7?)

Claim 1. The growth of RealH (.,(s)) for s large is as follows:
i) If % # % — 1, then for all ¢ # 0 we have RealH (v.,(s)) = 0 [5 + O(s’l/k)},

where § = max(%, r—1>0.

i1) If% = %—1, then for |c| large we have Real H (y,(s)) = s+ ~* [5’ + (’)(5_1/’“)}.
(Here C' € R — {0} depends on c).

Proof of Claim 1. First of all, we make a remark concerning a technical property
to be used from now on in the paper. The remainder terms O(s‘l/ k) quoted
in Claim 1 are actually series in negative powers of s converging uniformly in
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{s > so} (we originally took real or imaginary parts of a Laurent series, obtaining
real analytic data A and B; this shows that after changing the parameter to s, all
these expressions become convergent power series in s~ '/¥); see also the beginning
of the proof of Lemma [2.

We now prove Claim 1. Suppose that X = n Then, the n-th term of
RealH (ve,(s)) is s"/% [C + O(s™!)] (C denotes a nonzero real number depend-
ing on ¢) while those terms with A < n — 1 are as O(s“% ), so the claim holds in
the case A = n. Now assume A < n, which implies that the terms of RealH (v¢,1(s))
with largest order growth are the n-th term, which grows as st ~! [C' + O(s71)],

and the X—term, whose growth is as v [C’ + (’)(s‘l)] Now the expression of
RealH (7.,(s)) for arbitrary ¢ # 0 can be easily deduced, provided that % #E—1

In the case % = % — 1 we should show that for |c| large enough, the two above

terms do not cancel. But this is true because the coefficient C' in the n-th term
grows in ¢ as ¢/, while the one in the A-th term grows in ¢ as ¢*/*, hence both
C-coefficients are distinct for |c| large, thereby finishing the proof of Claim 1. O

Using that

cosh A(7e1(s)) = % [(kcs)%eReal(H(vu,z(s)) + (kcs)—%e—Real(H(%,z(s))} :

a direct computation that only discusses the signs of C and of m gives that for s
large, the growth of cosh A(v.,;) as 6§ — 6; is of the following type:

o If % # % — 1, then for arbitrary ¢ # 0 is
(10) cosh A(ye,(s)) = s* |Cy + O(S_l/k) 635 [(12+(9(371/k)]7

where C1,C >0, and a = i%.
o If % = % —1, then for |¢| large the same expression ([I0) holds with 6 = & — 1.
This description together with equality (7)) allows us to write the modulus of

4 ((zq1 +1ix2)(7e,)) in a suitable form for using Lemma [[} see the expression of
r(s) in that lemma.

Following the same ideas as before, we define N as the largest A € {1,...,n}
such that |ax|sin(A0; + ay) # 0 (X = 0 if no such X exists), and with similar
arguments as in Claim 1 the following can be proved

Claim 2. The growth of ImagH (v.,(s)) for s large is:
i) 62 £ % _ 1 then for all ¢ # 0 it holds that

o~

!/

~ A
ImagH (ye,(s)) = s° [C + O(sil/k)} ) where b = max(z, % —-1)>0.
i) If % = % — 1, then for |c| large we have
ImagH (1.,(s)) = 5% 71 [+ O(s~1/%)].

(Here C' € R — {0} depends on c.)

From (7) and this description one has that the argument of < ((z1 + iz2)(Vey))
looks like the function ¢(s) in Lemma [l provided that b > 0.
Next we state a criterion of self-intersection, to be used when proving Theorem
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Proposition 1. Let X : D(co, R) — R® be a minimal immersion with the nor-
malization on its Weierstrass data given in Section [A Assume that one of the
following conditions holds:
i) m is not a multiple of k.
i) n="k and a? ¢ R.
iii) n =k, ar € iR and there exists A € {1,... ,k — 1} such that ay # 0.
i) n=~k odd, ar, € R and (m;ay,...ax—1) # (0;0,...,0).
v) n=k even, ar € R and

(m;al,... ,agfl,a%,angl,... ,akfl)
£ (0;0,... ,0,‘(1% ¢(5+9%) 0, .. ,0), jefl,... 4.

Then, there exists ¢ > 0 such that X (mgl(c)) contains two proper spirals winding
in opposite directions. In particular, these spirals meet each other infinitely often
and X (D(co, R)) cannot be embedded.

Proof. i) Suppose first that n is not a multiple of k. By Lemma @l i) with
A =n and a = «a, (see Appendix), there exist I1,lo € {1,...,2k} such that
sin(nf;, + ay,)sin(nb, + a,) < 0 and I3 — Iy is even. Fix ¢ # 0 and note that
when studying ImagH (v.;) at the branches of . ,, Ve, with 6 — 6, and 6 — 6y,

respectively, one obtains N = n in both cases. Moreover, the coefficient C of the
term s™/* in TmagH (7(s)) is |an|(ke)™/* sin(n;, + as,), which has opposite signs
at 0, and at ¢;,. This implies that for ¢ # 0 fixed, B(y.,) diverges to +0o0 when
6 — 6;, on the curve ., while it diverges to —oo when 6 — 6;, on ., (or vice
versa), and both curves have images by X contained in the same horizontal plane at
height ¢. As b > 0 in both cases, Lemma [[lapplies to the branch of (1 +iz2)(Ve,)
where 6 goes to 6, and to the branch of (1 + iz2)(vc,,) where 6 goes to 6;,, so
each one of these planar branches are spirals. Moreover, if n > k, then Claim 1 )
insures that § > % — 1 > 0 at both branches, and Lemma [l /) implies that both
spirals are divergent. As they have opposite winding directions, they will cut each
other infinitely many times. If n < k, then we discuss two possibilities: first sup-
pose that none of :\\(911), :\\(912) are zero. In this case, Claim 1 ¢) implies that both
5(61,), 0(61,) are strictly positive and we conclude as before. Otherwise, at least
one of the A(4;,) (say i = 1) vanishes, and it suffices to check that in this case we
have §(6;,) =0 and a + 1 > b(6;,) so we can use again Lemmal[ll 7). As n < k and

o~

A(01,) = 0, then Claim 1 7) assures that §(6;,) = 0, thus Real(H) remains bounded

along 7., as 8§ — 6;, and the exponent @ in equation (I0) becomes % In partic-

ular, a412> 1> % = b(6;,), where this last equality follows from X’(Qll) = n. This
proves ).

i) Now assume that n = k and aj ¢ R. Given [ € {1,...,2k} fixed, note that
neither sin(kt; + ax) nor cos(kf; + ay) vanish. As 0, — 6,1 = T, it follows that
sin(k6; + ax) sin(kf;—1 + ai) < 0 and cos(kb;—1 + ax) # 0. In particular, X=N=k
(thus we are in case i) of Claim 1 with § = 1; analogously, b = 1) at both extrema
6; and 0;_, on the curve ~y.; for ¢ # 0 fixed, and the coefficients C in Claim 2 have
opposite signs. Now we finish as in case i), and the second case is also proved.

i11) Suppose now that n = k,a; € iR and there exists A € {1,...,k — 1} such
that ay # 0. Reasoning as in ) we have cos(kf; + o) # 0 and sin(k6; + ay) = 0,

which imply that A = k (i.e. we are again in case %) of Claim 1 with § = 1) and
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N < k for each I. Consider the largest A € {1,... ,k — 1} such that ay # 0. Using
Lemma [ i) with these k, A we deduce that there exist l1,lo € {1,...,2k} with
sin(A;, + ax) sin(A0, + ax) < 0 and 5 — I even. Thus, N (6;,) = N (6,) = A > 0
and Claim 2 4) insures that b = % > 0 in both cases, again with the coefficients C
of opposite signs, thereby proving éii).

The cases i) and v) can be treated as a single one; for simplicity, we just
write n = k, ax € R and

(m;al,... ,a%_l,a%,a§+l,... ,akfl)
;é(o;o,...,o, ei(%ﬂ'%),o,...,o), jefl,... 4},

understanding that when k is odd there is no ak to consider. Then, cos(kf;+ax) =0

Gk
2

and sin(kf; + ax) # 0, which imply N<kand NV =k In particular, we are again
in case i) of Claim 2 with b = 1 at each 0, | = 1,...,2k, for a level curve at
any fixed height ¢ # 0. Similarly, as in case i) of this proposition, we have that
sin(k6; + ag)sin(kf_1 + o) < 0 thus the coefficient C in ImagH (y.,:(s)) has
opposite signs at both extrema 60;, §;_;. If m # 0, then (§) insures that A o~ is
not bounded as # — 6; or § — 6;_1, hence the same holds with cosh A(v.,(s)). Take

|c| large enough, so we can insure that cosh A4 is as in (I0) (note that 2 could be
0= %—1). As a consequence, either § > 0 or a > 0, and both situations imply that
we are in case 1) of Lemmalllat both extrema of . ;, so we can find a self-intersection
as in former cases. Finally, when m = 0 then there exists A € {1,...,k — 1}
such that ay # 0 and (A, ay) # (5,2 +4Z) with j = 1,... .4, and Lemma [
i1) insures that there exists lp € {1,...,2k} such that cos(\0;, + ax) # 0 and
cos(Abj,_1 + ) # 0, which implies that both A(6,) and A(6;,_1) are positive, thus
both branches of X (.,,) as § — 6;, and as 8 — 6;,_1 are in case 7) of Claim 1 for
all height ¢ # 0 with 6(6y,),0(6i,—1) > 0 and with coefficients C in ImagH (7y¢,1,(s))
of opposite signs, and we finish as before. O

Remark 1. Following the notation above, if n = k and ay € R one possibility
remains which is not covered by Proposition [[I namely, when there exists j €
{1,...,4} such that

#5438, 0,....0)

(as before, when k is odd we agree to use this notation but no a & is considered).
We affirm that in this setting, the immersion is not proper. This holds because
there exists [ € {1,...,2k} such that X(Gl) =0 and X'(@l) =k (when k is odd, any
choice of [ works; when k is even, choose [ such that g@l +oax = 5 mod m, which

(m;al,... s @k 1Ak, Ak g, ,ak_1> = (O;O,... ,0, ak

is possible because k= 2 +7%), thus we are in case i) of Claim 1. In particular,
RealH (v.,1(s)) remains bounded for |c| large and as m = 0, the same holds with
cosh A(7.,;) as 0 — 6;. With the notation of Lemmalll this means that the velocity
vector of 4L (21 + iz2)(7e,u(s)) for |c| large has § = 0 and a + 1 = 1 = b, thus the
branch of X (v.,;) when § — 6, lies in case ii) of Lemmal/[ll

Our next goal is to describe the case n = k, ax € iR and a1 = ... = a1 = 0,
which is not tackled neither by Proposition [l nor by Remark [I. Under these
conditions we can no longer apply Lemma [Il, because our hypotheses force B(7.;)
to remain bounded as 6 — 6;,0,_1 for all ¢ # 0 and all I, and now we use () to
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deduce that b = 0 in the notation of Lemma [l Nevertheless, we can still give a
geometric description of the curves X (v.,;) for arbitrary c:

Proposition 2. Let X : D(co, R) — R® be a minimal immersion with the nor-
malization of Section Assume that n = k, ax € iR and a1 =...=a,_1 =0.
Then, for all ¢ € R each horizontal level curve X (v.,;) has two divergent branches
whose arguments converge to the arguments of two halflines starting from the origin
in {xg = c}. Moreover, the angle between these halflines remains constant but the
halflines rotate at constant speed around the x3 axis as ¢ increases.

Proof. We first analyze the height zero. Using the parametrization v (s) =
s1/kei1  the expansions in B) become

A(vo,1(s)) " log s+ O(s~/F) + Real(ag) + |as,
B(y0.(s)) = mb+ O(s~/*) + Imag(a),

thus equation (B) says that the modulus and the argument of %((ml +iz2)(70,1))
as s becomes large can be written as in Lemma Concerning the height ¢ # 0,
equations (§) and (@) are now

A(vea(s)) = TG log(kes) + O(s‘l/k) + Real(ag) £ |ak|kes,
B(Yeu(s)) = B+0(s7/k),

for a certain contant 8 € R, and thus (7)) assures that the asymptotic behavior
of both branches of X (7.;) is also described by Lemma From now on, both
cases ¢ = 0 and ¢ # 0 can be treated as a single one. Applying Lemma [Z] to each
branch of X (v.,) (for ¢ = 0 we understand that the two branches come from two
consecutive rays vo,;1—1,70,1), we deduce that these horizontal curves have arguments
asymptotic to two fixed angles, which determine two halflines L; (when the angle 6
in the parameter domain tends to 6;) and L;_; (when 8 — 6;_1), both contained in
{xz3 = ¢}. Thus, in order to prove our proposition we only need to compute the limit
angles of the argument in () and in (@), i.e. B(6;)—%, B(6i—1)—% (in the case ¢ = 0
this notation must be understood with its obvious meaning). From the expression
of B(70,i(s)) above we directly have that at height zero is B(6;) = m6; + Imag(ao)
while B(6;—1) = mf,—1 + Imag(ap). As H(z) = arz* + ag + f(z) where f is
a holomorphic function in a neighborhood of co that vanishes at this point, for
nonzero height ¢ we have B(v.,(6)) = m9+|ak|kc%+ Imag [ag + f(7e,1(0))]-
As ai € iR, it follows that sin(k6; + o) = sin(kb;_1 + ax) = 0, so by expanding

7&“%2:; k) in series around 6;,0,_1 we obtain
ko
() B0 =m0~ ok GEGE - Imaga) + 00 ~0,),
cos(kb+ay)

with g =1 —1,1. As the quotient =5 —=-** has the same value ¢ = &1 (that only
depends on the sign of Imag(ay)) at = 6; and at 0 = 6;_1, we deduce that at height
¢ # 0is B(6) = mb, — |ax|kce + Imag(ag) while B(6;,—1) = B(6;) + m(6;—1 — ;).
Therefore, the equality |B(6;) — B(0;—1)| = |m|(0;—0,—1) = |—7,:‘7T holds for all height
c and it shows that the halflines L; 1, L; form an angle that does not depend on c.
Moreover, the linear dependence of B(#;) with respect to ¢ # 0 proves that these
halflines rotate linearly with ¢ around the z3 axis. [l

Remark 2. i) As the argument of a given branch of X(v.,;) converges to the ar-
gument along one of the halflines L in the statement of Proposition [2, the
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branch of X (v.,) can be expressed as a sublinear graph over L. It may be the
case that X (7.,) is not asymptotic to L or even that the orthogonal distance
of X (ve,1) to L is unbounded, as in a logarithmic graph. One example of this
situation can be found in [4], Remark 4.

it) From the proof above, we deduce that the limit angles of the two halflines
L;_1,L; are B(0;—1) &+ m and B(6;) respectively. On the other hand, when
m = 0 we obtain B(#;_1) = B(0;), which means that the two halflines L;_1, L,
have opposite directions, thus they form a complete straightline, as in the
helicoid.

iii) The ‘space’ that each X (v.,;) takes in its horizontal plane can be related with
the space covered by an angular sector with the same limit angles. Taking
into account that we must stack k sectors of the same amplitude at height
¢, embeddedness condition produces certain upper bound of this amplitude,
which can be translated into an inequality between |m| and k. As this in-
formation will not be used later on, we omit a detailed development of such
inequality.

Preimages of spherical parallels and meridians. We now study the set of

points on X (D(oo, R)) where the Gauss map lies in a horizontal parallel of the

sphere. From (@) we know that H is asymptotic at co to a polynomial of degree n,

hence for |z| large, the set {Real(H(z)) = 0} C D(oo, R) consists of 2n divergent

curves asymptotic to the 2n rays of an equiangular system centered at co. As

Real(H(z)) = r™ [|an|cos(nf + ay,) + O(r~1)], the argument along each one of
T2,

these divergent curves converges to ©; = == +j= j=1,...,2n.

Given A € R, the condition |g(z)| = e? becomes

mlogr + Z lax|r* cos(A0 + ay) = A

A=—00
or equivalently,
A mlogr lax| cos(A0 + ay)
12 9 -~ _ .
( ) Cos(n + Oén) |an|r” |an|7,.n )\_z_:oo |an|r"*)‘

As a consequence, |g| "1 (e?) C D(oo, R) consists, for |z| large, of 2n divergent curves
I'{,... T4 asymptotic to the rays of angle T}, j = 1,... , 2n, where {Real(H) = 0}
also converges. We will use Lemma [[] again in order to describe the geometry of
X(I‘;‘). First, parametrize I‘f by r = |z|, thus we can write I‘f(r) = rewJA(r),
where 6 = 9}4(7“) is defined by equation ([2). Assuming n > 2 or (n,m) = (1,0),

derivation in (I2)) gives 93-4 (r) = ©; + O(r=1), hence using the reparametrization

s = rF we have

Ak
(o) = el ] ang LE 1y oo etbes o)
Now () implies

d . _1 . . — 7 A S
o (w1 + zxg)(Ff)) = |7 sinh(A + ikO;) + O(s Uk)] BTG ())
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and as

B(Ff(r)) = me(r) + Imag(H) = m [©; + (’)(r’l)]
+ [|an|r” sin(n@f(r) + ) + O(rnfl)}
=1" [|an|sin(n®; + a,,) + O(r )],

we finally obtain
d ; A —1 . ; —1/ky| is™/F[C+O(s™HH)]
(13) o ((z1 +iz2)(T5)) = - sinh(A + ik0;) + O(s )| e ,

where C' = £|a,| is a nonzero real number (note that sin(n©; + a,) = £1).
On the other hand, the height of the curve X(I‘j‘) is given by

1 1
z3(T4(r)) = %rk cos k@f(r) = Erk cos(k©; + O(r~1)).
If cosk©; # 0 (equivalently, if ©; does not coincide with any angle 6;, [ =
1,...,2k), then z3 diverges monotonically to infinity as » — oo. Such is the
case, for instance, when n = k and a; € iR. In the case cos k©; = 0, L’Hopital rule

. . 02 (r)+om .
implies Cos(nji(z)a) — 2 when r — oo, hence cos k#4'(r) has the same behavior
cos k07 (r) k J

as cos(nbf (r) + an), and using (I2) we obtain

z3(TA(r)) ~ %rk cos(nf (r) + an)

A n—1
S R L logr — Z 2\ COS()\GA(T) + oy )k,
nlan| nlan| nla,| /
A=—00

Recall that the intersection of X (D(oo, R)) with the upper halfspace {z3 > 0} is
the union of the images through the immersion X of the sectors S1,S3, ..., Sok_1.
Each one of these images will be called an upper leaf of the end. Similarly, lower
leaves are defined as the images by X of the even sectors. Given an upper leaf
X (S1) (I odd), we define a quasivertical axis of X(S;) as a proper arc ¢ C X (5))
that verifies the following condition: there exists a vertical halfline ¢ C {z5 > 0}
with boundary at height zero such that for any tubular neighborhood T of ¢, there
exists a height h > 0 such that ¢ N {z3 > h} is contained in 7" and ¢ N {z3 < h} is
compact. A quasivertical axis of a lower leaf X (S;) (with | even) can be defined as
well, exchanging the upper halfspace by the lower one.

We now state the relationship between preimages by the Gauss map of horizontal
parallels of the sphere and these quasivertical axes.

Proposition 3. Let X : D(co, R) — R® be a minimal immersion with the nor-
malization in Section[2 Suppose that n = pk, with p > 1 integer.

i) If p > 2, then there exists an integer p with 0 < p < 2k, such that for
each A € R, the set X (|g|~'(e?)) consists of 2n — p quasivertical azes and
1 nonproper curves. Moreover, each leaf contains at least p — 1 of these
quasivertical azes, and if p < 2k, then there exists a leaf X(S;) such that
X (lg|~1(e?) N S)) contains at least p quasivertical azes.
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it) If n =k, ar, € 1R and either n > 2 or (n,m) = (1,0), then the image by X of
lg|=1(1) consists of 2k quasivertical azes, one per leaf.

Proof. Fix A € R and consider a curve '} € D(o0, R) in |g|~*(e?), j=1,... ,2n.

Suppose first that p > 2. From (I3) and Lemma [ (use (d,a,b) = (0,0,n/k)
if sinh(A + ik©;) # 0; if on the contrary sinh(A + ¢k©;) = 0, then we have
(6,b) = (0,n/k) while a < —1/k, so a + 1 < b always holds), we conclude that
(z1 + iacg)(Ff) is a spiral that converges to a point ¢ € C. As the 2n curves F;‘ are
asymptotically rays forming an equiangular system at infinity of angle 7/n and the
boundaries of the sectors S; (I = 1,...,2k) have an analogous distribution with
angle 7/k, it follows that the number of angles ©; such that 6,1 < ©; < 6, for
a given [ is exactly p. Consider one of the curves X(I‘f) with 6,1 < ©; < 0.
As cosk©; # 0, it follows from the argument just before this proposition that
x3 (I‘;‘ (r)) diverges monotonically to infinity as 7 — co. Thus X (I‘;‘) is eventually
contained in any tubular neighborhood of the halfline above (or below) ¢, that is,
X(F;‘) is a quasivertical axis. As we have at least p—1 angles ©; with ;_; < 09, <
0;, it follows that each leaf contains at least p — 1 quasivertical axes. We now have
two possibilities: first, suppose that the angles 6; never coincide with the angles
©;. In this setting, the 2n curves X (I‘;‘) are quasivertical axes and i) holds with
1= 0. The second possibility is that each angle ; coincides with one of the angles
©;. In this case, the number of angles ©; with 6;_; < ©; < §; is p — 1, and each
corresponding X (F;‘) is a quasivertical axis. It remains to analyze the asymptotic
behavior of the 2k curves X(I‘f) where cos k©; = 0. We call u to the number of
such curves that have x3|1~34 bounded (thus 0 < pu < 2k). Equation (14)) insures
that whenever 373|1“;‘ is bounded, it must converge monotonically (after possibly

discarding a compact subarc of I‘f) to a certain height, and the curve X (I‘f) is
not proper. We now show that if z3|pa is unbounded, then it eventually diverges
J

monotonically to £oo (thus X(I‘;‘) is again a quasivertical axis). As p > 2, the
two first terms in the right-hand side of (I4) decay to zero as r — o0. As z3|pa
J

is not bounded, it follows also from (I[4)) that there exists a largest integer A with
n—k < XA <n—1such that |ay|cos(A®; 4+ ay) # 0 and therefore, z3(I'} (r))
diverges monotonically to +oco.

We now prove that there exists a leaf which contains at least p of these quasiver-
tical axes, provided that pu < 2k. First, note that this strict inequality insures that
there exist j € {1,...,2n} and | € {1,...,2k} with ©; = ; such that X (I'!) is a
quasivertical axis. As the boundary of each leaf lies at height zero, it follows that
X (I'#) is eventually disjoint of the common boundary of the leaves X (S;), X (Si-1),
so, in particular, X (I‘j‘) is eventually contained in one of these two leaves, say
X (S;). As this last leaf has p — 1 quasivertical axes X (I's}) with 6,_1 < O}, < 6,
we deduce that X (S;) contains, at least, p quasivertical axes. Thus %) is proved.

Finally, assume that n = k,a; € iR and either n > 2 or (n,m) = (1,0). The
condition on aj guarantees that sinh(A4 + ik©;) = 0 if we take A = 0; thus, we
can use Lemma [I] on F? with (6,b) = (0,1), a < —1/k, concluding again that the
horizontal projection of X (I‘?) is a spiral that converges to a point. x3 diverges
monotonically to =00 because cos k©; # 0 when n = k and ai, € iR, as we remarked
before this proposition. Note that the condition cosk©®; # 0 also implies that
the angles ©; do not coincide with the angles 6;, hence there exists exactly one
quasivertical axis in each leaf. O
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We now study the preimages by the Gauss map of vertical meridians of the
sphere. As this study shares some aspects with the preceding one of horizontal
spherical parallels, we will only develop the new properties in detail.

The set {Imag(H (z)) = 0} C D(o0, R) consists of 2n divergent curves asymptotic
to the rays of argument ©; + 5, j = 1,... ,2n, which form an equiangular system
centered at oo that bisects the one that appeared with the horizontal parallels.
Similarly, the set {arg(g) = B} C D(o0, R) for any B € R consists of 2n divergent
curves ff, . ,ffm asymptotic to the rays of angle ©; + 7, j = 1,... ,2n. In
order to describe the geometry of X (ij), first we parametrize the curve in the
z-plane as ff(r) = e’ (™), Substituting the expansion of H into the condition

méJB(T)

|@mn [rm
(@B)’(r) = O(r~2), which implies that 1/9;5(7') =0, + £ +O(r ). In terms of the
parameter s = ¥, our curve is ij(s) = sl/’“ei[@ﬁ%*(g({l/k)], and using (@) we
obtain
d V(DB
— (@1 +i22)(T]))
1
-2k
where A(s) = A(ff (s)). But

arg(g)|ps = B, we obtain sin(né\jB(r)—l—an) = +0O(r~1), hence by derivation

Y

[G—A(s)—ik(®j+% _eA(s)-i-ik(@j-i-%)} [1+O(S—1/k)} oiB

A(TE(r)) = mlogr + Real(H)

logr

=r" {|an| cos(n©; + Iy an)+m

. + O(TI)] ,

rn
which can be written as 7" [|an|cos(n®; + £ + ay,) + O(r~1)] if we assume n > 2
(note that cos(n®; + 5 + a,) = £1), and thus A(ff(s)) = sk [C 4+ O(s7V/F)]
with C € R—{0}. Now a straightforward computation gives - ((xl + z@)(ff)) =
7(5)e*?(®) in polar coordinates, with

1

(o) = [ g+ O] OO o) pr 0,

for certain 3,Cs € R, Cy > 0 —although we will not use them, the expressions
for these constants are Cy = l|a,| and 3 = k(©; + 5-) + B + 7 (resp. [ =
—k(©;+35-)+B) if cos(n©;+ 5 +ay) = 1 (resp. if cos(n©;+ 5 +a,) = —1). Using
Lemma 2 the horizontal projection of X (ij ) is a divergent curve whose argument
converges to 3. As in the study of the quasivertical axes, the height of X (ff ) is
given by x3 (ff (r)) = 1r* cos k@B (r), which diverges monotonically provided that
cosk (0 + £) #0.

Given an upper or lower leaf X (), we define an oblique ray of X (S;) as an arc
¢ = ((1,¢2,¢3) C X(S)) such that ¢ + (3 is proper and arg((; + i(2) converges
to a fixed angle as { diverges. With this definition we can deduce the following
statement from the previous arguments and the ideas in the proof of Proposition

Bl

Proposition 4. Let X : D(co, R) — R? a minimal immersion with the normal-
ization in Section [2 Suppose that n > 2 and n = pk with p € N. Then, for each
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B € R the image by X of the set arg(g) ™1 (B) consists of 2n oblique rays, and each
leaf contains at least p — 1 of them.

We finish this section with another criterion of self-intersection which applies in
a particular nonproper setting.

Proposition 5. Let X : D(co, R) — R3 be a minimal immersion with the nor-
malization in Section[d. Suppose that n = 2k and that the number of nonproper
curves in X (|g|~ (e?)) is p = 2k, where A € R (see Proposition[3). Then, X is
not an embedding.

Proof. Applying the arguments in the proof of Proposition Bl we conclude that
given A € R, the set X (|g|*1(eA)) consists of 2k quasivertical axes, one in each
leaf, and all the angles ¢; coincide with the angles ©; of a given parity (say odd),
0; = ©g;41 for each . We now show how our hypotheses constrain the Gauss map
g(z) = 2mef*) to an explicit form.

By definition of ©; and §;, we have 0 = cos(2k©a; 1 + o) = cos(2k0; + aar) =
— cos gy, thus agr € iR. On the other hand, the boundness of x3|1~;_a for all
j odd together with equation (Id]) give that |ax|cos(Ad; + ay) = 0 for all A =
k+1,...,2k—1and all ] = 1,...,2k. As none of such X is a multiple of k, a
similar argument to the one in Lemma @] i) but exchanging sine for cosine shows
that it must hold ax41 = ... = agx—1 = 0.

Fixl € {1,...,2k} odd (i.e. X(S;) is an upper leaf) and consider the nonproper
curve X(I'%;, ;). We showed in the proof of Proposition Bl that (z1 4 iz2)(T9 )
is a spiral that converges to a point ¢ € C, while its third coordinate converges
monotonically (after possibly removing a compact subarc) to a finite height ¢ >
0, depending on . Moreover, the monotonocity of x3|F§l+1 allows us to assume
without loss of generality that Ffl 41 C S after possibly discarding a compact
subarc (otherwise, cp = 0 and we exchange S; by an adjacent lower leaf S;11). We
now study the geometry of the horizontal level curves X (v.,;) as arg(vyc,;) tends to
0, for all ¢ > 0 with |¢ — ¢p| small enough and ¢ # ¢y. As ¢ # 0, we can use the
parametrization v, ;(s) = (kcs)/ke(®) with s = Wla(s)’ hence (B) becomes
(15)

A(yeu(s)) = % log(kcs) + O(slf%) + |ag|kes cos(kO(s) + ax)

+ |agk|(kes)? cos(2k0(s) + o)
= % log(kcs) + O(sl_%)

in(2k0
s |Jaglb con(hor -+ ) — 2fasgl e TET T )
sin k6,

= % log(kcs) + 0(31*%) — kessin k6, [|ak| sin a, — 2kclagg| sin agk] .

Note that the expression enclosed in brackets in the last equation vanishes, at most,
for one nonzero value of ¢ (that could be ¢p), hence there exists € > 0 such that
the growth of A(7.;(s)) for all ¢ > 0 with |c — ¢p| < ¢ and ¢ # ¢¢ is as s times a
nonzero constant (and this argument works for all [ = 1,... ,2k, so we can choose
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such ¢ > 0 independent of [). Analogously, equation (@) says
B(7eu(s)) = mb(s) + O(s) + |azk|(kes)? sin(2k0(s) + aar)

(16) 2
=mb; + O(s) — |azk|(kes)” sin aag.

These properties together with equation () insure that for all ¢ > 0 with [c—co| < &
and ¢ # ¢, the curve X (v.,) satisfies the requirements of Lemmal[ll ) when 6 — 6,
and therefore, it must be a proper spiral (note that the last equation implies that
we lie in case i) of Claim 2 with exponent b(;) = 2 for each such ¢), and this holds
for all {. If we focus on the level curve at height zero (as we are working with values
of ¢ close enough to c¢g, the height zero should be taken into account only when
cp = 0), our hypotheses a1 = ... = agr—1 = cos(2kb; + as) = 0 constrain @) to
the simpler form

an A(vo,(s)) = % log s + (’)(sl_%) — |ag|s sin k6 sin oy,
B(v0.1(5)) = m; + O(s) — |azk|s? sin azy,.

Our next goal consists of proving that if X is an embedding, then X (v¢,,) is a
nonproper spiral when § — 6;, forall I =1,... ,2k (as v, cannot be parametrized
by the argument 6, when ¢y = 0 the notation § — 6; has the obvious meaning
[Yeot| — +00). Given [ fixed, as the argument of <t (21 + iz2)(7e,,1) grows as s
times a nonzero constant (even in the case ¢g = 0), Lemma [T insures that X (¢, )
is a spiral at height ¢y when 8 — 6;, which may be divergent, asymptotic to a circle
or to a point depending on the values of § and a in the expansion of the modulus
of its velocity vector. Recall that we have proved that X (I'y),(r)) converges to
(g,c0) € CxRasr — +oo, and there exists € > 0 such that X (v, ;) is a proper spiral
when 6 — 0, for all ¢ # ¢y with |¢— ¢g| < e. Let C; be a vertical cylinder with axis
q + Res (here e3 = (0,0,1)) and radius R; > 0 large. After discarding a compact
subarc, we can suppose that X (I“Q“l 41) is completely contained in the compact solid
cylinder U enclosed by Cy U {|z5 — cg| = €}. Reasoning by contradiction, assume
that X is an embedding and X (vc,,) is a proper spiral when 6 — 6;. We now
divide the argument in two cases: first assume that ¢g > 0. As X(7¢,.) is proper,
it must intersect C; in at least one point P,,. We can also suppose without loss
of generality that C; cuts to X (D(oo, R)) transversally at P,. Let us call 8 the
connected component of X (D(oo, R)) N Cy containing to P.,. This curve g is
not horizontal al P (otherwise, the tangent plane of the surface at P., would be
horizontal, a contradiction), thus by shrinking ¢ we can assume that § cuts any
horizontal plane at height ¢ € [cop — €, ¢o + €] at a point P.. On the other hand, as
the branch of X (v.,,:) as @ — 6; is a proper spiral, we can choose R; large enough
so that there exists a compact subarc g, of such a branch starting at P, with the
following two properties:

® 0., —{P.,} is contained in the exterior of the disk enclosed by C1 N{z3 = ¢o},
® 0., winds three complete turns around Cy N {zg = ¢} (i.e. the argument of
its velocity vector covers thrice the unit circle).

By continuity, € can be taken small enough such that forall ¢ > 0 with |¢ — ¢g| < €,
there exists a compact subarc g, of the branch of X(v.;) as § — 6; such that
oc starts at P,., it is completely contained in the exterior of the disk enclosed by
C1N{x3 = ¢} and g, winds two complete turns around Cy N{x3 = ¢o}. Choose Ry >
R, big enough so that the vertical cylinder with axis ¢+ Res and radius Rs encloses
the (compact) union € of all these curves g, with |¢ — ¢| < & (we can think about
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Q as a ‘compact spiraling cylinder’ inside the surface, which necessarily intersects
any curve trapped between heights ¢y — € and ¢y + € having one of its extrema
inside C; and the other one outside C3, whose tangent vector has a horizontal
projection not spanning an angle bigger than 7). On the other hand, note that
both F1241+1a Yeote,0 C Si are proper arcs whose arguments tend to ¢;, and they are
eventually disjoint (the xs-function goes to ¢y on F‘Q“Hl and is constantly ¢y + € on

Veo+e,1)- For large values of B € R there exists a compact arc B c S starting at a
point of F§41+1 and ending at a point of 7., ;, which applies by X on a piece of an
oblique ray ¢ with arg(g) = B whose third component (3 increases monotonically
from xg(fBﬂI‘fH_l) (which tends to ¢y as B — +00) to x3(f30750+57l) =co+e. In
particular, ¢ is trapped between heights ¢y —e and cp+e¢. By taking B large enough,
the extrema of ¢ are one inside the small cylinder C; and the other one outside
the bigger one Cy, and the argument of the horizontal projection of the tangent
vector to ¢ does not span more than 7 (the horizontal slab where ( is trapped can
be chosen of arbitrarily small height, so ( is extremely close to a horizontal curve
and its tangent vector horizontally projected spans an angle as close as we want
to the angle spanned by the horizontal projection of the Gauss map of the surface
along this curve, which is zero). Thus ¢ must intersect Q. But this contradicts the
embeddedness of X, as  is a fixed compact subset on the surface and B can be
chosen arbitrarily large.

In the case ¢y = 0, the same argument holds with minor modifications. In
summary, X (7¢,,;) is a nonproper spiral when 0 — 6;, for all i =1,... ,2k.

We now show that a; = ... = ar_1 = 0. Reasoning by contradiction, otherwise
we can choose the maximum A € {1,...,k — 1} such that ay # 0. Using again
Lemma [ i) with k£, A and o = a) but exchanging sine for cosine, one can find
I € {1,...,2k} such that cos(A0; + ax) # 0. But the term O(s'~*) in equation
(@) for ¢ = ¢ # 0 (resp. in equation ([I7) for ¢ = ¢y = 0) contains the term
|lax|(kes)ME cos(AO(s) 4 ) (resp. |ax|sMF cos(M0; + ay)), thus A(ve,.(s)) grows
at least as s**. This fact contradicts that X (7, ;) is a nonproper spiral when
6 — 0; (in the notation of Lemma [[ the modulus 7(s) of the velocity vector of
X (Yeo,) would have § > 2 > 0).

As X (v¢,,1) is @ nonproper spiral, it must be asymptotic to a circle or to a point
(cases i) and i) of Lemma [0). Next we prove that if X(v.,;) converges to a
point, then X (v.,;) cannot be embedded for ¢ # ¢y close enough to cg. Whenever
|c — ¢co| < g, the spiral X (v.;) rotates as § — 0; (again with the previous abuse of
notation if ¢y = 0) in a fixed direction that depends on whether B(c, s) = B(7c,1(s))
diverges to +00 or to —oo (see equation (7)) for the case ¢ # 0 and equation (&)
for the case ¢ = ¢p = 0). As even at height ¢y we have a well-defined winding
direction and %—f is continuous, we can assume after possibly shrinking ¢ > 0 that
there exists Ry > 0 such that none of the branches as 8 — 6; of the curves X (v.,),
lc — co| < e, turns its winding direction in the proper subarc |y.;| > Ri. Denote
by 6 € [v,p] — X (Veo,1) () a compact subarc of the branch of X (v.,,) as 8 — 0y,
suitable chosen so that

® Ve, 1(0)] > Ry for all 6 € [v, p],

® X (Yeo.1([V, p])) winds three complete turns around its limit point (here §;—o <
v < p < 60 for a small ¢ > 0 and we maintain the abuse of notation that
exchanges angle by modulus in the case ¢y = 0).
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By continuity, we can increase the height to ¢ = ¢¢ + 1 with £; € (0,¢), so that
we find a compact subarc 6 € [v,p] — X (7.1(0)) of the branch of X(v.;) as
6 — 60, with the properties |y.,;(#)| > R for all 8 € [v, p] and X (vc,([v, p])) winds
two complete turns (i.e. the argument of its velocity vector covers twice the unit
circle). As X (7¢,,1) converges to a point as § — 0, it ‘winds towards inside’ (i.e.
the distance of X (7¢,.1(f)) to the limit point eventually decreases monotonically),
hence the same holds with the compact subarc 6 € [v, p| — X (7¢,.1(0)). By taking
€1 small enough, we can assume without loss of generality that the compact subarc
0 € [v,p] = X (7.,(0)) also ‘winds towards inside’. This property, together with the
facts that X (v.,;) is a proper spiral and it cannot turn its winding direction in [p, 6;)
imply that X (7c,1)[,,) must intersect to X (7c,1)l[p,6,), and we have the desired self-
intersection (note that this argument also works if the branch of X (v.,) as 0 — 0,
lies in case i) of Lemma [[] and the distance of X (v.,,:) to the center of its limit
circle still decreases monotonically).

Finally, we analyze the case in which X (v.,,) is a spiral converging to a nonde-
generate circle. Roughly speaking, we consider the level curves in the same sector
close to (but different from) the nonproper height co: they consist asymptotically
of two divergent spirals (possibly inside a connected level curve), both turning the
same way (otherwise, the desired self-intersection would be obvious). However,
they do not grow at the same speed. We will prove that one of the spirals grows
sufficiently faster than the other one, so both cannot be imbricated. First, as
a; =...=ag_1 =0, equation (IH) becomes

18) A(vei(s)) = ﬂlog kes) + O(1) — kessin k) ||ag| sin ap — 2kc|ask| sin asgyg |
’ k

for the branch of the level curve at height ¢ # 0,¢q as 6 — 6;, while equation
([I6) remains unchanged. For the other branch (§ — ;1) at the same height
coming from the same sector S;, we need only to change the limit angular value 6,
by 6,1, thus the sign of the coefficient in the s?-term of B remains (both spirals
turn the same way) and the same holds with the one in the logarithmic term of
A, but the main s-term of A changes sign. In terms of the notations in Lemma, [I]
this means that we have 6 = 1, b = 2 at both branches but a switches sign. More
precisely, the modulus of the velocity of these two curves are described by the model
r(s) = s*[Cy + O(sil/k)]es[cﬁo(s_l/k)] with the same constant Cy and opposite
values of a = a(c) (namely m/k and —m/k).

On the other hand, as X (7¢,,) lies in case ii) of Lemmal[ll and equation (I7) says
that b(co) also equals 2, it follows that |m| =k, so a(co) = £1.

We now study the ‘diameter’ of the spiral X (v.,;) as 6 — 6, for ¢ # 0,¢p. The
arguments that follow are based on (and use the notations in) the proof of Lemma T}
see Appendix. Given a € [0,27), the function 7, (s) = (X (7..1)(s), € @T™/2)) (s > 0
large), has an infinite countable number of critical points passing consecutively from
local maxima (denoted by sa,) to local minima (s2,—1). By the diameter of the
spiral X (7¢,1), we mean the absolute difference between consecutive critical points
of x4, which can be measured by the integral

(n+1)mw
An] = [Za(5ns1) — Ta(s0)] :/ h(u + o) sinul du,
nm
where h(u) = r(¢(u))y’' (u), 7 = r(s) is the modulus of the velocity vector of X (7. )
and 1(u) = s is the inverse function of the argument ¢(s) of such velocity vector.
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To evaluate this diameter we will estimate some quantities in the integral using the
specific data in our setting, emphasizing which quantities change from 6 — 6; to
6 — 6,_1 and which ones remain on both branches. From equations () and (TG
we have ¢(s) = s? [—|ag|(kc)? sinag, + O(s™!)]. Assuming sinag, < 0 (which
does not affect the conclusions), it follows that ¥(u) = u'/2 [Cy + O(u~'/?)] and
P (u) = u=1/? [05 + O(u_l/Q)}, where C4,Cs > 0 do not depend on the chosen
branch. Thus,
r(¥(u)) = u®/? {Cff(h + (’)(u_l/%)} v /?[C2Cat O™ /2]
h(u) = w7 [Cs + O(u’l/%)} et ?[CeCat O™/
— {074_0(7171/21@)} oC2Cau'/?

with C7 > 0. The key fact is that in the last expression, the constant a exchanges
from 1 to —1 when passing from one branch to the other, while the main coefficient
in the exponent remains unchanged. For n big enough, we can estimate A,, by

min hu+a) <|A,| <2 max  h(u+a),
u€[nm,(n+1)x] uw€[nm,(n+1)m)

which thanks to the monotonicity of h, becomes

2(n7r+a)"’—51 [07 +O(n71/2k)} eC2Ca(nmta)'/? <A

<2((n+1)7+a)*7 [07 + (9(71_1/%)} C2Ca((n+1)m+a)t/?

and thus,
1< 2]
© 2(nw+ a)*s [C7 4 O(n=1/2k)] ¢C2Ca(nmta)t/2
< (TL + 1)7T +a) ? |:1 + O(nfl/Qk):| 60104[((n+1)7r+a)1/27(n7r+a)1/2] )
- nmw—+ o

The exponential term in the right-hand side of the last expression tends to one
as n — oo, hence |A,| ~ 2(nm + o)z [C7 4+ O(n~1/2k)] eC2Ca(nm+0)'?  Now we
compare this diameter at the two branches: as a passes from 1 to —1 while CoCy4 do
not change, we deduce that the diameters at both branches have a ratio of n times a
nonzero constant; also note that this ratio cannot come from a simple change in the
n variable (which is defined up to a constant), because A, ., has the same growth
as A,. In conclusion, there will be an interval between two consecutive maxima
[Za(Sn), Ta(Snt2)] of the faster spiral containing two maxima of the slower one,
hence contradicting embeddedness. This finishes the proof of the proposition. [

4. PROOF OF THEOREM [Z]

Consider the height differential 1 of our complete embedded minimal end E C R3.
As FE is an annulus and has finite type, it can be parametrized conformally by a
punctured neighborhood of infinity {|w| > r} so that the puncture corresponds to
w = 00, and 71 extends meromorphically through this puncture. Thus, we can write
1 = h(w) dw for a holomorphic function h on {|w| > r} with at most a pole at co. As
the third coordinate of the flux of F along its boundary is zero, we deduce that the
residue of 1 at co vanishes, hence there exists a holomorphic function F on {|w| > r}
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such that dF' = 7. Let us call k£ to the order of pole F' at co (thus k — 1 is the
order of pole h, which cannot be —1 because 7 is residue-free). Moreover, choosing
r large enough we can insure that F' has a k-th holomorphic root on {|w| > r}
with a simple pole at co, i.e. F(w) = (w¢(w))k for a holomorphic function ¢ on
{Jw| > r}U{oo} such that ¢(co) € C—{0}. Now in the new coordinate z = we(w),
|z2| > R > 0, we express n as n = d ((wg(w))¥) = kz""1dz, or up to rescaling
(because k # 0), n = z¥~! dz. On the other hand, as the stereographically projected
Gauss map ¢ of F is nonconstant and % extends meromorphically through the
puncture, we conclude that g has a finite number of zeros and poles in {|z| > R}.
By enlarging R we can assume without loss of generality that g has no zeros or
poles in {|z| > R}, which suffices for writing g as g(z) = 2™ef(*), m being an
integer and H a holomorphic function on {|z| > R} that extends meromorphically
to 0o (a proof of this fact can be found in Theorem 1.1 of [I0]). As H has at most
a pole at oo, it can be written as in () for a certain integer n. In summary, we
have parametrized E by a complete minimal embedding X : D(co, R) — R? with
infinite total curvature and Weierstrass data g(z) = 2mef1*) 5 = 2F=1 dz.

Note that as X has infinite total curvature, it follows that g must have an
essential singularity at co, or equivalently, that n > 1.

We want to reduce the problem to the case when k£ = 1 and X is proper. Then
we can use Romon’s proof [9] with the erratum given in Section 6, to show that
the only possible Gauss map is of the form g(z) = e®t9*+/(2) where ¢ € C,
ap = v € iR — {0} and f is a holomorphic function that extends to co with
f(oco) = 0. Calling £ = vz — iag (thus we change the variable in the parameter
domain by a translation and a real dilation, and £ is again defined in the exterior
of a disk), we obtain that g becomes g(¢) = e*+/1(&) where f,(¢) = f (%(g + iag))
(which is a well-defined holomorphic function in || > R; for R; large and satisfies
f1(c0) = 0), while n = % d¢, and Theorem[2 follows. Hence, our Theorem [2 reduces
to check that from the general case (X is complete, k # 0 integer, n > 1) we arrive
to Romon’s setting (X is proper, k = 1, n > 1). As the proof is rather long, we
will divide it in several steps.

Step 1: Reduction to the case n is a positive multiple of k > 1. If k£ < —1,
the surface cannot be complete because one can compute the intrinsic length of a
proper arc I' C |g|71(1) C D(oc, R) (the essential singularity of g at infinity insures
the existence of such an arc) as [.ds = % [. (lg|™" + |g]) [n] = [ 2" t|dz]. We
saw in Section B that T' can be parametrized by I'(r) = r¢®(") where 6(r) is defined
by equation ([2)) (which does not depend on any assumption on k), hence with the
notation of that section we have cos(nf(r) + ay,) = —ﬁi""ff + O(r~1), which by
derivation gives ¢'(r) = O(r=") + O(r=2) = O(r=1). As |[I’(r)| = |1 + iré’(r)| and
f:oo r*~1dr converges when k < —1, we conclude that the length of T is finite, a
contradiction.

Now we can assume n, k > 1. By Proposition [I, » must be a multiple of &k, and
our first step is finished.

Step 2: The case n =k > 1. Now H(2) = arz* + ...+ a1z +ag + f(z), where
f is a holomorphic function in D(oco, R) U{oco} with f(oc0) = 0.

Claim 3. X is a proper embedding and has bounded Gaussian curvature.
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Proof of Claim 3. The expression of the absolute Gaussian curvature in terms of

our Weierstrass data is

m 2 m 2
_ 4 ldg/gl* _ 1 2+ H() _ |2+ H(2)
(gl +1gl=1)* Inl? 4(cosh A(z))t  r20=1) = gp2(=1)

where z = re’. As n =k, it follows that |2 + H’(z:)|2 grows as r2(F=1) times a
constant when r — oo, thereby proving the boundness of K. As X(D(o0, R)) is a
complete embedded minimal annulus with compact boundary and bounded Gauss-
ian curvature, a theorem of Meeks and Rosenberg [6] insures that X is proper
(indeed, they even prove that X (D(oco, R)) has an embedded regular neighborhood
of fixed radius. [6] studies complete embedded minimal surfaces of bounded curva-
ture and empty boundary, but their result extends to the case of compact boundary).
Now our claim is proved. |

We now continue with the proof of Step 2. If k = 1, then [9] together with
Section [l imply that our surface has the desired Weierstrass data, as we remarked
before starting Step 1.

Suppose from now on that n = k > 2. Using Proposition [I] and Remark [ we
conclude that ar € iR and a1 = ... = ax_1 = 0. We will prove that this case
cannot occur by finding a level curve 7. ;, whose image by X cuts to a quasivertical
axis contained in an upper leaf X (S;,) with l; # ly, which will force X to be
nonembedded. Consider ¢ > 0 large and I € {1,...,2k — 2} odd. First, recall from
Proposition [ that the horizontal level curve X (v.;) C X(S;) has two divergent
branches whose arguments converge to the arguments of two halflines starting from
the origin in {z5 = ¢}, and these halflines form an angle which does not depend
on the height ¢ but they rotate around the z3-axis as ¢ increases. As X is a
proper embedding, X (v.,;) separates {x3 = ¢} in two components that we denote
by Cr,C., so that CI is the one where the horizontal projection of the Gauss
map of X(D(oo, R)) points to. On the other hand, Proposition B applied to the
upper leaves X (5;), X (Si+2) give two quasivertical axes ¢; = X(I'1) C X (5),
(2= X(T2) C X(Si+2), where I't, 'y C D(o0, R) are divergent curves respectively
asymptotic to the rays of constant argument ©;,, ©;, with cos(k©; + ai) = 0,
Jj =Jji,j2 (as n = k and ax € iR, the angle ©;, (resp. ©,,) bisects the sector S
(resp. Sit+2)). By definition, each (; is asymptotic to a vertical halfline ¢; C {z3 >
0} with boundary at height zero. As X(D(oco, R)) admits an embedded regular
neighborhood of constant radius (see the proof of Claim 3) and (3, {2 lie in different
upper leaves, the vertical halflines ¢; and ¢ must also be distinct. By definition
of quasivertical axis, for ¢ large X (v.,;) passes through a point extremely close to
t1 N {z3 = ¢} and the same holds with X (y.+2) and t2 N {z3 = ¢}. Let us call
I. C R to the interval of arguments covered by the velocity vector of the planar
curve X (Ye,1)-

Claim 4. In the above situation, the length of I. cannot diverge to 400 as ¢ in-
creases.

Proof of Claim 4. Equation (@) gives that length(I.) = length(B(]0;-1, 6;[)). More-
over, equation (@) and our assumptions a; € iR and a; = ... = ap_1 = 0 give

c \-1/k
B(§) = [me + Imag(ag) + |ak|kcsinak} +0 ((cosk‘t9> ) '
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As a function of 6, the linear expression enclosed in brackets has an image interval of
length |m|(6;—0,—1) = Iml . This fact jointly with the inequality ’O (( < )71/k) ‘

Tk cos k6
< Coc V¥ for a positive constant Cy, imply that

length(B (10,1, 60;])) < @w +2Chc Yk,

which is bounded as ¢ — co. Now Claim 4 is proved. |
Take ¢y > 0 large and denote by
AT ={c>cy : tan{xs=c} CCl},
A" ={e>co : tan{zz=c} CC.},
A’ ={c>cp 1 ton{zz=c} C X(veu)}

Obviously, {¢ > co} is the disjoint union of A+, A~ and A°. Moreover, each
connected component of any of these three sets is bounded: for AT and A~ this
is a direct consequence of Claim 4. For A°, we argue as follows. Recall that the
quasivertical axis (o projects vertically into a spiral that converges to the point
toN{x3 =0}. As X is embedded, X (.,;) must be disjoint of {; for any ¢, hence if
c € A° for all ¢ greater than a positive number c;, then when c increases the curve
X (7e,1) must rotate locally around to N {z3 = ¢} infinitely many times in order to
avoid (2. As X(v.,) passes through a point extremely close to t; N {zg = ¢} for
all ¢ large enough, this implies that the length of I. goes to +00 as ¢ increases, in
contradiction with Claim 4.

These properties imply that ¢t must cut to C and to C_ infinitely often as ¢
increases. As (3 is asymptotic to ta, it follows that (o = X (I'3) also cuts to Cj
and to C_ infinitely often, hence it must intersect to X (7.,), which is the desired
contradiction. This finishes the proof of Step 2.

Step 3: The case n = pk, p > 2. Again the argument consists of finding
two disjoint divergent curves (31, 32 C D(oco, R) whose image by X intersect each
other. These image curves X (;) will roll up infinitely often on a vertical cylinder
in opposite directions and their third coordinate will be proper, properties that
guarantee the desired intersections.

As p > 2, Proposition ] 7) assures that each leaf contains at least p — 1 qua-
sivertical axes and there exists an integer p, 0 < p < 2k which counts how many
nonproper curves there are in X (|g|~'(e)). We assert that there exists a leaf
X (S;) containing at least two quasivertical axes. If p > 3, this is clear from the
previous application of Proposition ] i). If p = 2, then the embeddedness of X to-
gether with Proposition B show that u < 2k, and therefore, Proposition Bl 7) again
insures that there exists a leaf X (S;) containing at least two quasivertical axes,
thereby proving our assertion.

Without loss of generality, we can suppose that the leaf X (S;) that contains
two quasivertical axes is an upper leaf. By Proposition] X (5;) has at least p — 1
oblique rays, hence there exist divergent curves Fl,I‘Q,f contained in the sector
S C D(o0, R) such that |g| is constantly one along I'1, 'y while arg(g) is constantly
zero along T (or equivalently, Alr, = Alr, = Blg = 0), and X (I'1), X(I'2) are
quasivertical axes asymptotic to vertical halflines ¢1,t2 C {x3 > 0} while X (f)
is an oblique ray. Moreover, it is clear that we can choose these curves so that
they are cyclicly consecutive in {|z| > R}, i.e. 'y, f, I’y are respectively asymptotic
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FIGURE 1.

to the rays of angles ©; + =, 0; + 7-,0; for a certain j € {1,...,2n} (with
the same notation as in Section [3). In particular, the limit angle ©; 4 5~ of r
satisfies cos k (@j + %) # 0, thus x3|s diverges monotonically to +o00; see Section Bl
Working on a proper subannulus {|z| > R;} with R; large, the above curves joint
with {|z] = R1}NS; determine two regions I, I where B has opposite signs, namely,
we define I; to be the proper region in S; delimited by I'y, [ and {|z| = R1}, while
I5 is the proper region in S; bounded by f, Iy and {|z| = R1}; see Figure [}

As B is zero along T and the three above curves are consecutive, B has constant
sign on I; (say positive) and opposite sign on . Consider a vertical cylinder C
in {x3 > 0} C R? of radius big enough so that t1,t5 are contained in the simply
connected component U of {z3 > 0} — C. Take ¢ > 0 large and consider the
horizontal level curve v,; C S;. For i = 1,2, ., crosses the region I; intersecting
T'; at a point z;(¢) and T at a point z(¢). The image through X of the intersection
point z;(c) is on the quasivertical axis X (I';), hence it belongs to U. On the other
hand, as X (f) is an oblique ray, the squared length of its horizontal projection is
proper, thus X (z(c)) is in {z3 > 0} —closure(U). Therefore, by continuity .,; must
intersect X 1 (C' N {x3 = c}) along the open connected subarc between 2;(c) and
Z(c) in a point 31 (c) and between z(c¢) and z9(c) in a point B2(c). These intersections
allow us to consider two divergent curves §; C Iy, B2 C Iy parametrized by the
height ¢, so that X (8i(c)) € C N {x3 = ¢} for any ¢ > 0 large (the curves §;(c)
diverge in I; as ¢ — 400 because the horizontal level curves {7.;}c>0 foliate I;).
The argument will be complete if we prove that B o 81 (resp. B o f32) diverges to
~+00 (resp. —o0) as ¢ — 4o00. If on the contrary, B o 41 remains bounded for any ¢
large, then the principal term of the expansion of B in equation (B)) implies that the
argument of 31 must converge to one of the zeros of the equation sin(nf + a,,) = 0,
or in other words, ; must be asymptotic to T. But in this case, the principal term
of the expansion of A in [B]) grows as |z|™ times a nonzero constant, hence by (@)
the length of £ ((21 + iw2)(81)) grows exponentially while its argument remains
bounded. A similar argument as the one in Lemma [Z implies that (z1 + iz2)(51)
is a divergent planar curve, hence it cannot be contained in the circle obtained by
the projection of C' into a horizontal plane, a contradiction. Now as B has positive
sign on I, B o 31 must diverge to +00 as ¢ — oco. An analogous argument holds
with B o (35 (note that B is negative everywhere on I5), and the proof of Step 3 is
complete. O
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5. PROOF OF THEOREM [3]

Consider a pair (g(z) = ¢'**/(*) y = dz) defined on {|z| > R}, where R > 0 and
f is a holomorphic function in {|z| > R} U {oco} with f(co) = 0. As we want (g,7)
to produce a well-defined end, we need the real period along the boundary curve
{|z] = R} to be zero. Note that this condition holds immediately when the end
is part of a properly embedded minimal surface M with finite topology, because
in that case Collin’s Theorem [1] insures that M has only one end, and thus, the

curve {|z| = R} bounds a compact domain in M and the Divergence Theorem
guarantees that the period is zero (in fact, the same argument proves that the flux
along {|z| = R} also vanishes). The period condition for an isolated end, which

only involves the two first components because 7 is exact, is

/ e~ 12— f(2)dy = / eiz+f(z)dz.
{lz|=R} {|z|=R}

We assume from now on that the pair (g,7) defined on D(oo, R) fulfills the above
period condition. As a consequence, it defines a complete unbranched minimal
immersion X (z) = 1 Real [*(g7 = g,i(g7 ' + g), 2)n with bounded Gaussian cur-
vature K (the induced metric is ds? = A%|dz|? where A = 1(|g| + |g|~"!), hence the
inequality A > 1/2 gives that ds? is unbranched and complete; for the boundness
of K, use the estimate in the proof of Claim 3). Note that the third coordinate of
the immersion is z3(z) = Real(z), thus the horizontal level set at height ¢ € R cor-
responds in the parameter domain with the vertical line D (oo, R) N {Real(z) = c}.
Moreover, Proposition [ insures that every horizontal level curve has two divergent
branches in {z3 = ¢} whose arguments converge to the arguments of two halflines
starting from the origin in that plane. In particular, if {z,}, C D(co, R) is any
sequence with |z,| — oo, then either {Real(z,)} — oo and in this case z3(zy)
is unbounded, or {Real(z,)}, converges but {Imag(z,)} diverges, in which case
Proposition B shows that {X (z,)}, diverges in bounded height. This proves that
our immersion X is proper.

The end is embedded. We now prove that a representative of the end is em-
bedded by showing that there exists R; > R such that every horizontal section of
X (D(00, Ry)) is embedded. The argument that follows is inspired in beautiful ideas
in [@]. Given ¢ € R, the horizontal level curve at height ¢ is parametrized in the
parameter domain by the curve 7.(v) = ¢+1iv, which has one or two connected com-
ponents depending on the cases |¢c| > R or |¢| < R, respectively. As the unit tangent
vector along X (v.) can be chosen as ir%, the second derivative of X (7c) with re-

P

. A2 X (e . . dve dve
spect to its arc length s is % = % (zﬁ) = d% (z‘—g‘) e = %% 7<, thus the
2 ’
planar curvature of X (v.) is given by x = <d 51(5(2%)’ %> = 3! Imag (% ddls) As
ds = \|dz|, we have along v, that A™! = %| = “?; ‘, hence dJ; = i\~ ! and the cur-

vature of X (7.) becomes k = — 55 Real (%) = —55 Real(i + f’) = — 55 Real(f’).

On the other hand, as f is holomorphic and f(co) = 0, the expansion of f has
only negative powers of z, so we can find C' > 0 depending only on f such that

(19) If(2)] < Clz|7H, If'(2)] §C|Z|72 for any z € D(co, R).
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Assume that |¢| > R. Thus, 7.(v) = ¢+ iv is connected and v runs along the whole
real line. The absolute total curvature of X (v,) is f |k(s)|ds = [7_ |k(v)[Adv =

5 75 Real(f’(7e))| dv. Using the estimate of |f’| in (IE[), it follows that

C/°° dv Cr

ds < — = —.
[r(s)] ds < 2 J_ o c2+02 2

Ye

Therefore, the absolute total curvature of X (v.) is strictly less than 7 provided
that |c| > &, and we have proved that

o If|c| > max(R, <), then X (D(c0, R)) N {z3 = c} is an embedded curve.

Now consider any height ¢ (although we are interested in the embeddedness of the
horizontal sections in the range |c| < max(R,%)). Take a fixed vy > R, to be
defined later. Hence, the (possibly nonconnected) level set . is defined in |v| > vy.

As before,
/ |”(5)|d5§g/ %Sg/ _;)Zga
vo 2 Sy, €+ 2 Sy v 2vg
and similarly f k(s)|ds < % Thus, both absolute total curvatures of

X (Ye)l{v>vo}y and X(’yc)|{v§,v0} are strictly less than = if we take vy > % (note
that vy does not depend on ¢), and we deduce that
c

)2

e If |vg] > max(R
embedded.

Thus, by suitably enlarging R we can assume that X : D(co, R) — R3 satisfies that
X (7¢) is embedded and connected for |c¢| > R, while for |¢| < R the two connected
components ", v, of 4. are separately embedded (we label these components so
that v C {Imag(z) > 0} and v, C {Imag(z) < 0}). We claim that there exists
vg > R such that X (v )|jv>001 N X (72 )|{o<—vo} = @ for all ¢ with [¢| < R.
Consider the set

), then X (Ve)lfusvoy and X (Ve)l{v<—vo} are separately

A= {c—l—iv ¢ |e| £ R and there exists w # v with X (c + iv) = X(c—f—iw)}.

Clearly, it suffices to prove that there exists vg > R independent of ¢ such that if
le] < R and |v| > vg, then ¢+ iv ¢ A, or in other words, we only need to show that
the map ¢+ iv — |v| is bounded on A. Reasoning by contradiction, suppose that
there exists a sequence {c,, +ivy }, C A with |v,| — +00. By definition, for each n
we can find w, # vy, such that X (¢, + iv,) = X (¢, +iwy,). As |en| < R, it follows
that {c, }n converges to coo € [—R, R], after passing to a subsequence. We can also
assume without loss of generality that v, > 0 for each n. As v, v, are separately
embedded when |c| < R, it follows that w, < 0 for all n. Moreover, w, diverges
to —oo (otherwise, {wy, }, can be supposed to converge to ws < 0 after taking a
subsequence, and then X (¢, + iv,) = X (¢, + iwy,) — X (Coo + is) € R3, which
contradicts that X (v is a divergent arc by Proposition2). Therefore, equation (6)
gives that the tangent vector to X (7.F) (resp. X (v, )) has an argument converging
to B(3) — 5 (resp. B(5") — %), where g = eA“B as in former sections. In our
case, these hmlt arguments are respectively ¢ — 7, c+ 5 (we can use equation (IT))
in order to compute them), which contradicts that X (¢, 4 ivy,) = X (¢, + dwy,) for
all n. This contradiction shows that ¢ + iv — |v| is bounded on A, finishing the
proof of the embeddedness of X (D(co, Ry)) for R; large enough.
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ir >
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|z|=R
-ir
FIGURE 2.

The end is C’-asymptotic to the end of a Helicoid. Recall from Section [J
that |g|~1(1) consists of two divergent curves I'y,T's which are asymptotic to the
components of D(oco, R) N {Imag(z) = 0} and have x3(I';) unbounded. We label
these curves so that I'y (resp. I'z) is asymptotic to the negative (resp. positive) real
axis, hence X(T'1) C {z3 < 0} (resp. X(T'2) C {x5 > 0}). Equivalently, the limit
arguments of 'y, 'y are respectively ©1 = 7,05 = 0 with the notation of Section
Bl Using case #) of Proposition[d we deduce that these two curves are applied by
X on two quasivertical axes in both halfspaces of R® — {x3 = 0}.

We now prove that if the flux of X along the boundary curve {|z| = R} vanishes,
then the asymptotic vertical halflines t1, ¢ to these quasivertical axes project ver-
tically onto the same point in the plane {x3 = 0}. With this aim, take » > R and
consider the boundary 95, of the square S, with vertices r +ir, r —ir, —r —ir, —r+
ir. 0S, can be written as A, — A,, where A, is the polygonal arc with vertices
—r,—r +ir,r + ir,r (the orientations on 95, and A, are chosen so that both lists
of vertices are naturally well-ordered; see Figure[Z). As {|z| = R} and 95, bound a
compact domain in the surface, it follows that the flux of X along 0, equals zero.
This is equivalent to the following two equalities (recall that the height differential
7 is exact):

(20) /gdz:/ gdz, /gildzz/ g tdz.
A A A A,

As the quasivertical axes are asymptotic to the components of the real axis in
D(o0, R), in order to prove that the vertical halflines ¢1,¢2 project onto the same
point in {3 = 0} it remains to check that (x1 + ixz2)(r) — (1 + iz2)(—7r) tends to
zero as r — +o00. Using (@), this horizontal distance can be written as

. . . 1 1dA, dA,
(x1 +ix2)(r) — (1 + iz2)(—71) = /A d(z1 +ix2) = B /A (; s 9 ds ) ds

zl(/ ﬁ_ldz—/ gdz),
2 \/a, Ar

where we have called z = A,(s). Equation (20) implies that the last expression
equals 3 (I; — I1), where I; = [, gdz and I = [;-g 'dz. We now compute
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separately these two integrals:

I, = /g(—r—I—iv)idU—l—/ g(u+i7°)du—/ g(r +iv)idv
0 0

-Tr

e T /7" eiquf(quir) du +i/7’ v (67ir+f(77"+iv) _ eir+f(r+iv)) dv.
- 0

If we take r such that % is an integer, I; becomes
T T
Il _ 6—7"/ eiu+f(u+i7") du—l—z/ e~ v (ef(—v"—i-iv) _ ef(r+iv)) dv,
—r 0

and a similar computation for I gives

Iy = efr/ eiuff(ufir)du +Z/ eV <eff(fr7iv) _ eff(rfiv)) dv.
0

-Tr

Thus, both I; and Iy are the sum of two integrals and each one of these four
integrals can be estimated using (I9)) as follows:

e T /T eiquf(quir) du
—r

r
e " eRealf(quw’) du

T
e T j‘jr eC\u—i-ir\*l du

—1 —1
e [T €T du=2re O

IN AN IA

and analogously, [e™" [ e f(u=ir) du‘ < 2re~ 0" while

r . . "
Z/ o (ef(frer) _ ef(rer)) dv| < / e "
o 0

Using (1), it is straightforward to check that both e/(=7+%) and e/("+®) can
be expressed as 1 + O(r~!), hence the last expression is of the type
fg e ?O(r~1)dv < Cir=1 (1 — e "), for a constant C; > 0 independent of r. Simi-

ifye (e*f(’““’) - e*f(““’)) dv‘ < Cir~t (1 —e™"). In summary,

ef(frJri'u) . ef(rJriv) dv.

larly,

1 1
@1+ i22)(r) — (i + i) (—7)] < 5 (1Bl + 1) < 20740 4Ot (1= e77),

which tends to zero as r — 4o00. Consequently, the vertical halflines ¢1,ts asymp-
totic to the quasivertical axes I'1, 'y are part of the same vertical straightline, which
will be supposed to be the z3-axis after a suitable translation.

Finally, consider the vertical Helicoid H C R3 with Weierstrass data (g(z) =
e n = dz), z € C, suitably translated so that its axis is the line {z; = x5 = 0}
and its horizontal level line at height c is {(re?°*™/2) ¢) : 7 € R}. The proof of
Theorem B] will be complete if we show the following:

Claim 5. For any € > 0, there exists R; > R depending only on ¢ such that
X (D(o0, Ry)) is contained in a regular neighborhood of H of radius e.

In order to prove this Claim, it will be useful to introduce the following notation:
given € > 0 and ¢ € R, we denote by B(c,e) C C the circular sector centered at the
origin, with amplitude 2¢ and bisected by the halfline {re*(¢*7/2) : > 0}, i.e.

3(675):{7@9 >0, c+g—5§9§c+g+a}.

Identifying C as usual with the plane {x3 = 0}, we can consider the affine sum
(z1,22,23) + B(c, €), which is contained in the horizontal plane at height x3.
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Proof of Claim 5. The proof follows from a combination of the following two state-
ments:

STATEMENT 1. Given ¢ > 0, there exists ¢y > 0 depending only on € such that
for any height ¢ with |c| > ¢ and any v; € R, the horizontal level curve X (7,)
at this height is entirely contained in X (v.(v1)) + [B(c,€) U B(c + 7, ¢€)].

STATEMENT 2. Given € > 0, there exists vp > 0 depending only on ¢ such that
for any height ¢ with |¢| < ¢ (this is the ¢y of Statement 1), the curves
X (Ye)l{vzvoys X (Ve)lfv<—vo} are contained in (0,0, ¢) +[B(c,e) U B(c+,¢)].

Assuming these two statements (which will be proved later), let us prove Claim 5.
Fix ¢ > 0 and apply Statement 1 and 2 with /2, thus we find ¢g, v9 > 0 depending
only on ¢ such that these statements hold for /2. On the other hand, the qua-
sivertical axes I'1,T's can be parametrized by the height ¢ = Real(z) for ¢ large.
As X (T'y) (resp. X(I'2)) is asymptotic to the halfline {z1 = 22 = 0,23 < 0} (resp.
{1 = 22 = 0,23 > 0}), the definition of quasivertical axis implies that we can
enlarge ¢y depending only on € so that |(z1 + iz2)(I'j(c))| < § whenever |c[ > co.

Given any point X (7.(v)) with [c| > co, consider the intersection X (v.(v§))
of X (v.) with the quasivertical axis X (I';). Statement 1 insures that X (v.(v))
belongs to X (v.(v§))+[B(c,e/2)UB(c+m,e/2)], thus there exists a point (y1, Y2, ¢) €
(0,0,¢)+[B(c,e/2)UB(c+m,e/2)] such that the distance from X (v.(v)) to (y1,y2, ¢)
is less than or equal to £/2. If we write this new point (y1, y2, ¢) in polar coordinates
in {x3 = ¢} as re’(¢t7/249) with |§| < £/2, then there exists a point P € H at height
¢+ 4, on the same vertical line as (y1, y2,¢) and at distance |§| from this last one.
As a conclusion, the distance from X (vy.(v)) to P is less than or equal to .

Now consider a point X (v.(v)) with |¢| < ¢g and |v| > vg. Statement 2 implies
that X (7.(v)) itself belongs to (0,0, c)+ [B(c,e/2) UB(c+ 7, ¢/2)] and reasoning as
before we find a point P € H at most at distance £/2 from X (7.(v)), which finishes
the proof of Claim 5.

We now prove Statement 1. Fix ¢ > 0 and v; € R. It suffices to check that
there exists ¢gp > 0 depending only on & such that for |¢| > ¢, the following two
inequalities hold simultaneously for all v:

hé (v) = {(X 09e)(v) = (X 07c) (1), e'“F2)) > 0,

he (v) = (X 07e)(v) = (X 07e)(vn), €'™) < 0.

The derivative of A} is given by

dX c i(cte /\ i(cte A —i(cte
0 (@) = (Fg2 e ) = (g9 ) == 2 tag (ge+9)

= —\sin (Imag(f(’Yc)) - 5) )

where we have used that the derivative of X (v.) with respect to its arc length is

%(S%) = ik, that ds = Adv and that (g o 7.)(v) = e~ vtietf(3e()) " Using again
(M) we conclude that there exists ¢y > 0 depending only on € (¢o can be supposed
strictly greater than R) such that if |¢| > ¢g, then sin (Imag(f(v.)) — €) < —¢ along
the whole domain of ~., hence for all v € R it follows that

v

ht(v) = — /v Asin (Imag(f(ve)) — ) dv > 5/ Adv > 0,

v1 v1
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as we desired. A similar argument holds for h_ (v), taking into account that
(h;) (v) = —Asin(Imag(f(y.)) +¢€), and Statement 1 follows (in fact, we have
obtained that if |¢| > ¢y and v # vy, then hf (v) > 0 and h_ (v) < 0, thereby prov-
ing that (X o~.)(v) belongs to the interior of (X o~.)(v1) + [B(c,e) UB(c+ m,¢)]).

The proof of Statement 2 is similar to the last one, by suitably changing the
functions A}, h;. Given ¢ > 0, we have found ¢o(¢) > 0 such that Statement 1
holds. Given ¢ with |¢| < ¢p and v in the domain of ., we define

HI (W) = (X ov:)(v) — ceg,ei(c+€)>, H (v):={(XoTl:)(v) — ceg,ei(c_€)>,

C

where e3 = (0,0,1) (note that the ces is the point in the axis of the Helicoid H
at height ¢). It suffices to show that there exists vy > 0 depending only on &
such that for |c| < ¢ and |v| > vy, the inequalities H (v) > 0, H. (v) < 0 hold
simultaneously. As before,

v
H (0) = HY (o) + [ (Y (0)do
(21) v
— () ~ [ Asin (Tmag£(22)) ~ 2)do,

vy
for any vy, v in the domain of v, with |v| > v1. Again, estimate ({3)) insures that
there exists v; > 0 depending only on & such that for all ¢ € R and v with |v| > v
it holds that sin (Imag(f(7.)) — &) < —e. Combining this inequality with @II) we
have H (v) > Hf (v1) + ¢ [, Adv, and as A = § (|g| + |g|~") > § we deduce that
Hf(v) > Hf (v1) 4+ §lv — v1]. As the function ¢ — —HF (v1) is continuous, it is
bounded by above in the compact set {|c| < ¢} by a positive constant Cy depending
only on ¢, thus the inequality HI(v) > 0 holds for all ¢ with |c| < ¢y and for all
v with [v] > vg = v; + 2£2, which again only depends on €. A similar argument

holds for H, and Statement 2 is also proved.

6. THE FOLDED HELICOIDAL END, ERRATUM TO [9]

In [9] the third author proved that if a properly embedded minimal end of finite
type satisfies n = dz, then g is of the form g(z) = €**/(*) with f vanishing at
infinity. One case was sadly overlooked, namely g(z) = 2met# (%) with m = +1
and 1 = dz, which was eliminated by showing that such complex data cannot kill
the period. It turns out such an end (which will be called a folded helicoidal end;
see its geometric description later on) can exist, although it is never embedded. As
a consequence, this novelty does not affect to our main Theorem

We first give an example of such an end; indeed, unlike the Helicoid, the existence
itself is not obvious. We need to solve the period problem around infinity. Take
a > 0 and

2 2

O e
z

Then outside the disk of radius a, g has the desired behaviour. Killing the period
is obvious for the third coordinate, and for £ = xy + ix2 it forces the amount to be
zero in the following expression:

/g*ldz—/gdz,

where the integrals run along some big circle centered at the origin. Now
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2
/gdz = /eiz(z — %)dz = —27Tia2/g_1dz

/*” - d—l/*”(1+1)d—2'
= & (z—a)(z+a) 2—2 e > —a z+a Z = 4T COoS a.

Thus to kill the period we need a? = cosa; this equation has a solution approxi-
mately equal to 0.8241323123 . Notice that the flux does not vanish; the condition
for that would be for both integrals [ gdz and [ g~'dz to vanish simultaneously.

On the other hand, the antiholomorphic transformation T(z) = —Z preserves the
metric, so it induces a symmetry of the surface. The fixed points set of this trans-
formation consists of the two components v© = [1,+00)i, v~ = (—o0, —1]i of the

imaginary axis in the exterior of the disk of radius one (as a ~ 0.8 solves the period,
we set the parameter domain to be {|z| > 1}), which are applied on the level set
at height zero. Taking the origin of integration for the Weierstrass data at z = 1,
it follows that this antiholomorphic transformation induces a 180-degree rotation
of the surface around the zi-axis, which is contained in the surface. In particular,
both v+ and v~ are applied by the immersion X into the z;-axis. Using equation
(@) one can check that the velocity vector of both applied curves has the same con-
stant value, hence they point to the same direction. As v, ~~ are divergent curves
and the induced metric is complete, the lengths of X (1), X (vy7) are infinite, thus
they both are halflines contained in the same straightline and pointing to the same
direction, which insures that they intersect each other and thus, the example is not
embedded. Clearly, other similar examples of isolated ends can be found, but it
remains an open question whether killing both period and flux is possible.

We now prove that nonembeddedness holds for any folded helicoidal end, not
only for the example above. First, note that the case m = —1 can be reduced to
m = 1 by exchanging the orientation of the surface (i.e. write (—1/g,7) instead of
(g,m)). Hence let g(z) = e**(z+ia+O(2~1)) be the Gauss map defined on C minus
a disk, for some constant a, the O(2~1) term denoting a power series in z=1. We
can suppose that a is real; otherwise, picking a new variable z — Im(a) only rotates
the surface, and gives the appropriate Gauss map. The curve at height ¢ (which
is diffeomorphic to R or to (—oo, —1] U [1, +00)) is parametrized by 7.(v) = ¢ + v
and its horizontal projection satisfies

e _ g 157
_ % {Ue—v (1 Tl O(v_2)> T (1 -ty 0(0—2))} .

dv 2
Proposition 2l (or direct computation of || dXd(v%) |- d)ii(v%) in (22))) assures that
for all ¢ € R the horizontal level set has two divergent branches whose arguments
both converge to the argument of the same halfline L. starting from the origin in
{z3 = ¢} and directed by €%, and that L. rotates linearly as the height c increases.
In particular, both branches at height ¢ can be eventually expressed as sublinear

graphs over L.. More precisely, a branch is graphical over L. as soon as

<dXd (U%) ,ei®) = Real {%(U%)e“]

(22)

(23) 1 e
=3 [e_” (v+a+0@w™h)+ ] (v—a+0™))
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has constant sign and keeps it. On the other hand, similar arguments as in Section[d
prove that there exist cp,v9 > 0 such that whenever |c¢| > ¢g, the level set at
height ¢ is connected and embedded (because it has absolute total curvature strictly
less than 7), while if |¢] < co, the level curves X (ve)|{v>vo1 and X (Ve)l{o<—vo}
are separately embedded, thus nonembeddedness must come from an intersection
between X (7¢)|{v>vo) and X (Ve)|{u<—vy) for intermediate heights, as occurs in the
example above.

Coming back to (23), as the terms O(v~!) in that expression depend contin-
uously on ¢ (they are series in negative powers of ¢ + iv), we deduce that there
exists vo > 0 such that for any height ¢ with |c[ < co, it holds that X (vc)|tv>ve}
and X (7¢)|{u<—v,} are simultaneously graphical over L.. Thus these graphs are
controlled by the functions Q.(v) = (X (7e), €*), Te(v) = (X (7.), ¢t %)). More-
over, we can suitably enlarge vy in order to consider the continuous function
Ve @ [vg, +00) — (—o00, —vp] that satisfies Q.(V.(v)) = Q.(v). Thus, to insure
the existence of self-intersections of the surface it suffices to find a zero of the
function 0.(v) = Te(v) — Te(V(v)). With this aim, note that

d;;c = Tmag [dXd(v’Yc)e—ic} _ _g (e—v + 5_12’) + e—v@(v—l) + evO(’U—B).

Thus there is a clear change in behavior at height zero which we sum up as follows:

1. Except at maybe one height (¢ = 0), %=

dv
2. When ¢ < 0 we have 11111 e = 400 (thus lirf d.(v) = +0o0) while when

tends to too as [t] — oo,

dTl. _
dv

c¢>0is lim —oo (and  lim 6.(v) = —o0).
v—+oo v——+400

We finally show that there exist self-intersections. Reasoning by contradiction,
suppose that the end is embedded. As it is complete and its Gaussian curvature
is bounded (use the estimate in the proof of Claim 3), the Regular Neighborhood
Theorem in [6] implies that the end must have an embedded regular neighborhood
of fixed (positive) radius; see also the proof of Claim 3 above. In particular, the
two branches at height zero are at distance greater than some positive constant,
thus dp stays away from zero. So we may safely assume that at height zero, dg is
—for instance—greater than some positive constant. Now take ¢ > 0 small enough
so that the level curve at height ¢ comes arbitrarily close to the one at level 0, at
least on a compact set; so d. will be arbitrarily close to dg on any compact interval,
in particular, we may find d.(u) > 0 for u as large as we want. Since d.(v) tends
to —oo as v — +o0, we deduce that 0. has to vanish for some u’ > u, i.e. the two
branches intersect.

To finish this section, we prove that a folded helicoidal end can never be part
of a complete (immersed) minimal surface of finite type with only one end. Let
M = M — {oco} be such a surface, M being a compact surface of genus 7. As
1 is holomorphic on M with a double pole at oo, it has exactly 2v zeros on M
counted with multiplicity. Let p1,...,p, be those zeros and ki,...,k, be their
multiplicities. The metric being $(|g| + |g|~!)[n|, g must have a zero or a pole of
multiplicity k; at each p;. That forces dg/g to have a simple pole at p; with residue
+k;. These are the only zeros or poles of g hence the only poles of dg/g on M.
Since dg/g is meromorphic on M, the sum of its residues vanishes. But the sum of
the residues on M is even:

j:klj:kgj:-~j:kr52kimod2.



EMBEDDED MINIMAL ENDS OF FINITE TYPE 1367

and > k; = 2v. This contradicts that the residue of dg/g at infinity is one, as can
be checked by direct computation.

7. APPLICATIONS

We now prove Theorems[1] and @ stated in the Introduction.

Proof of Theorem Il As M is has finite type and only one end, it must be confor-
mally M — {p}, where M is a compact Riemann surface and p € M corresponds to
the end of M. As any closed curve I' around p bounds a compact domain in M, the
Divergence Theorem implies that the flux of M along I" is zero. Now we can apply
Theorem 2] concluding that up to a homothety, the end of M can be conformally
parametrized in {|z| > R} by g(z) = €**/(*) 5 = dz, where f is a holomorphic
function on {|z| > R} U {oco} with f(co) = 0. In particular, n has a double pole
without residue at the puncture, and as dg/g = (i + f'(z)) dz, the same holds for
dg/g. Finally, Theorem [3] implies that there exists a Helicoid H such that for any
regular neighborhood H. of H, there exists a representative of the end of M which
lies inside H., which completes the proof. O

Proof of Theorem [Jl Let M C R3 be a nonplanar simply connected CEMS of finite
type. Thus, M is conformally C. By Theorem [l 7 is a meromorphic differential
on a sphere with just one pole whose order is two, so we can write globally n = dz.
As a consequence, M has no points with vertical normal vector, or in other words,
g(z) = e"(®) for an entire function H. Using Theorem[@, H must be a polynomial of
degree one of the type H(z) = ag+ a1z, with a; purely imaginary, and the theorem
is proved. O

8. APPENDIX

Lemma 3. Let £(s), s € RT be a planar curve with velocity vector % = r(s)e#(®),
where r(s), p(s) are smooth real valued functions of the type

7”(8) — ¢ |:Cl + O(Sfl/k):| 635[02+O(s*1/k)], QO(S) _ Sb Cs + O(Sfl/k) ,

with a,b,0 € R, k is a positive integer, b,C1,Cy > 0, C3 # 0 and the remainder
terms O(s~ %) are uniformly converging series in negative powers of s. For any
a € [0,27), define x4(s) = (£(s),e@t™/2)) s € RT. Then, x, has an infinite
countable number of critical points, passing consecutively (for s large enough) from
local mazima to local minima and vice versa. Moreover, if we denote by {San}n
(resp. {S2n—1}n) the sequence of consecutive local mazima (resp. local minima) of
Za, then xo(sn) — Ta(Sn—1) changes sign as n increases, and

i)If6 >0 o0rifd =0and a+1 > b, then x,(S2) increases to +oo and
T (S2n—1) decreases to —oo as n — 0.
it) If § =0 and a +1 = b, then there exist M(a),m(a), W € R (note that W
does not depend on «) such that x4 (s2,) — M(a), zo(s2n—1) — m(a) and
[T (S2n) — Ta(S2n—1)] = W as n — oo.
i) If 0 = 0 and a +1 < b, then |za(s) — xa(s’)| goes to zero as s > s tend to
nfinity.

Proof. As %= = r(s)sin (p(s) — @), the critical points of z, coincide with the zeros

of sin (p(s) — a). If C5 > 0 (resp. C3 < 0), ¢(s) is monotonically increasing (resp.
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decreasing) to infinity for s large enough. We will call s = ¢(u) to its inverse
function, which has the form

v = [u'"* [Cr+ 0 (lu =)

for a positive constant C4 that does not depend on « (in what follows, several
positive constants independent of a will appear and will be called by Cy,C5,...;
on the other hand, whenever an expression E depends on a we will denote explicitly
this dependence by E(«)). As the proof is similar in the cases C5 > 0, C5 < 0, we
will only deal with the first case, so ¢’ is positive. Let s, = ¥(nm + «) be the n-th
extremum of z,. Thus,

Ap_1:=24(8n) — Ta(Sn—1) = /Sn r(s)sin (o(s) — a) ds

= /(mr r((u+ )Y (u+ «)sinu du.

n—1)w

Analogously,

(n+1)m
A, = / r((u+ )Y (u+ o) sinudu

Tr’ﬂﬂ'

= — r(Y(u+a+m) Y (u+ o+ m)sinudu.

(n—1)m

As both r, ¢’ are positive, we deduce that A,,, A, _1 have opposite signs. Moreover,
calling h(u) = r (¥(u)) ¥’ (u), it follows that

ALl = |An—1] :/ (h(u+a+7) — h(u+ «)) | sinu| du,
(

n—1)mw

so the mean value theorem insures that

(24) Zﬂi}lf (u+a) <A, —|An—1| < 27sup b/ (u + ),
n In
where I, = [(n — 1)7,nx]. Also note that
(25) W) = ub s+ 0@,
a+tl —1 ud/® C7+0O u771
(26) hu) = u*F1 [CG + O(uﬁ)} e [er+ou )],

i) Suppose that § > 0 or that 6 = 0 and a +1 > b. From (26]) one checks that
B’ increases strictly to infinity, hence (24)) implies that |A,| — |A,—1] — +00
as n — oo. Therefore, the sequence of local maxima (resp. local minima) of

X, increases to +oo (resp. decreases to —o0).
1

—1

#i) 16 =0and a+1=b, then h(u) = [06 n (’)(ui_b)} CrHOW™) and B (u) =

O(uw —1).

Now (24)) gives
1An] = [An1]| < Cs (0 — D7 + )™ 1.
Using repeatedly the last expression one concludes that for ng,n € N, ng
large,
no+n+1 .
[[Angtn| = [Ang |l < Cs Z (Jm+ a)m—l’

J=no
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that can be made smaller than any e by taking ng large enough. Therefore,
|A,| converges to a real number W which cannot be zero and does not depend
on « because

(n+1)7
|A| :/ h(u + a)] sinu| du

(n4+1)7 . 1
= / [Cg + O@™)| e HOUF ) sinu|du  — 2C6e°T.
nm
As|A, | converges to W > 0 and 4 (sn) —Za(sn—1) changes sign as n increases,
both sequences of local maxima x,(s2,) and local minima z,(s2,—1) must
converge, and i) is proved.
iii) Finally, suppose that § = 0 and a + 1 < b, thus, h(u) = O(u*" 1) and for
s > s’ large, we have

To(s) — xa(s) = / h(v+ a)sinvdv = / O(v%*l)sinvdv,

'—a u —a

where s = ¢¥(u), s = P(u'). As ‘f;{? v7 sinwv dv‘ < oo for v < 0, we deduce

that x4 (s) — z4(s") can be made smaller than any e > 0, which completes the
proof. O

Lemma 4. Let a € [0,27) and k, A € N.

1) If A is not a multiple of k, then there exist l1,lo € {1,...,2k} such that
Iy — Iy is even and sin(A0;, + ) sin(\d;, + «) < 0 (as before, 0; are given by
O =1% - 35).

ii) If (N, a) # (%, T —l—jg) with j € {1,...,4}, then there exists Iy € {1,...,2k}
such that cos(A0, + «) # 0 and cos(Aby,—1 + a) # 0.

Proof. Although the argument is an elementary exercise by considering angles in
the unit disk, we provide a sketch of the idea for the sake of completeness. In case
i), write A = pk + j with p,j integers, 0 < j < k and fix Iy € {1,...,2k} where
sin(Af;, + a) > 0. We have two cases:

Suppose first that sin(A;, +a) = 0. If j # &, take I1 = lp — 2, I = lp + 2 and
the statement holds. If j = g, the choice I; =1y — 1, I3 = lg + 1 works.

Assume now that sin(A;, + o) > 0. If j < g and j # %, then there exists an
even integer s such that % < s < ?, and we choose 1 = lg and Iy = lg — s or
la = lp + s, depending on the possibilities cos(Af;, + a) > 0 or cos(A\;, + ) < 0,
respectively. If j = %, take Iy = lp and Iy = lg — 2 (resp. la = lp + 2,12 = lp +4)
provided that cos(Ad;, 4+ a) is positive (resp. negative, zero). If £ < j < k and
cos(M;, + ) > 0, then there exists a positive even integer ¢t such that \0;, 4+ + «
is in the open lower halfdisk, so we can take 1 = [y and ls = [y + t. Finally, if
g < j < k and cos(A;, + o) < 0, we can choose a positive even integer ¢ such that
A0;,—+ + « is in the open lower halfdisk and we finish with {; = Iy, I3 =y —¢. This
finishes 4) of our lemma.

Concerning i), suppose first that A = % Thus, M\, + a =15 — 7 + «, which
cannot be a zero of the cosine function because a # 7 + j3. Finally, assume
A # £ Note that the difference between A, + v and \0;—1 + a is AT €]0, w[—{Z}.
Reasoning by contradiction, if i) does not hold, then we can choose l € {1, ... , 2k}



1370 LAURENT HAUSWIRTH, JOAQUIN PEREZ, AND PASCAL ROMON

such that cos(Ad; + o) = 0. Therefore, neither cos(Ad;_1 + «) nor cos(Ad;_a + @)
vanish, a contradiction. [l
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